Recent Progress in the Classification for Testability
Charles Jordan∗ and Thomas Zeugmann†
Department of Information Science and Technology
Hokkaido University, Sapporo 060-0814, Japan
∗ Tel/Fax: +81-11-706-7675, Email: skip@ist.hokudai.ac.jp
† Tel/Fax: +81-11-706-7684, Email: thomas@ist.hokudai.ac.jp

Abstract—In property testing we wish to distinguish between
objects that have a given property and objects that are far from
having the property, after examining only a small portion of
the object. The classification problem for testability focuses on
properties that are expressible in sentences of first-order logic,
and asks us to determine which prefix vocabulary classes of firstorder logic are testable and which are not.
Here we review recent results concerning this classification.

I. I NTRODUCTION
In property testing, we take a small, random sample of a
large structure and wish to determine if the structure has some
desired property or if it is far from having the property. The
hope is that we can gain efficiency in return for not deciding
the problem exactly. We are particularly interested in firstorder expressible properties and seek to obtain a complete
classification of the testable and untestable prefix vocabulary
classes of first-order logic. Here we introduce some of our
recent results concerning this classification; proofs of all
theorems can be found in the references.
The paper is structured as follows. In Section II we briefly
outline the history of property testing, focusing particularly on
previous work concerning the classification for testability. We
give definitions and notation in Section III. In Section IV we
describe some recent results in the classification for testability.
II. BACKGROUND
The study of property testing began in formal verification
(see the recent introduction to graph property testing by
Goldreich [1] and the recent surveys by Ron [2], [3] for
references and additional background), and attention soon
focused on testing graph and string properties. Alon et al. [4]
showed that the regular languages are testable, implying the
testability of monadic first-order logic1 .
Alon et al. [6] began a logical characterization of the
testable (graph) properties. They showed that all graph properties expressible in first-order formulas with quantifier pattern
“∃∗ ∀∗ ” (Ramsey’s class) are testable, and that there exist
untestable graph properties expressible with quantifier pattern
“∀∗ ∃∗ ”. The example they give is expressible with 17 variables
and prefix ∀12 ∃5 . See Section IV for more recent results
concerning the logical classification for testability.
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Although much of the research in property testing has
focused on graph properties (see Alon and Shapira [7] for
a survey), very recently there has been a significant effort
to generalize these results in a variety of ways, usually
via applications of generalizations of Szemerédi’s Regularity
Lemma. In particular, Austin and Tao [8] have recently shown
that all hereditary properties of colored, directed hypergraphs
are testable, generalizing a series of related results. We omit
more detailed citations due to space constraints.
III. P RELIMINARIES
We are interested in properties expressible in first-order
logic, and so we begin with logical definitions. We restrict
ourselves to very brief, informal definitions due to space
constraints; see Jordan and Zeugmann [9] for details.
Definition 1. A vocabulary τ is a tuple of distinct predicate
symbols Ri together with their arities ai ,
τ := (R1a1 , . . . , Rsas ) .
For example, the vocabulary of directed graphs is
τG := (E 2 ).
Definition 2. A structure A of type τ is an (s + 1)-tuple
A
A := (U, RA
1 , . . . , Rs ) ,
ai
where U is a finite universe and each RA
is a predicate
i ⊆U
corresponding to the predicate symbol Ri of τ .

A property of type τ is any set of structures of type τ . In
property testing, our goal is to distinguish between structures
that have a property and those which are far from having the
property. This requires a distance measure, for example we
could say that a structure is ε-far from a property P if we
must modify more than an ε-fraction of its representation to
obtain a structure with P . See Jordan and Zeugmann [9] for
a discussion of alternative distances.
Definition 3. A property P is testable if, for every ε > 0,
there exist randomized approximation algorithms satisfying the
following. After examining at most c(ε) bits of a structure
A, the algorithm accepts with probability 2/3 if A ∈ P and
rejects with probability 2/3 if A is ε-far from P .
Definition 3 is non-uniform in that we allow different
algorithms for each choice of ε and so it is natural to consider

uniformity conditions. There exist properties that are nonuniformly testable but not uniformly testable, however our
results hold in both the uniform and non-uniform cases and
so we will no longer distinguish between the two.
Finally, we briefly outline the relevant definitions for classification, see Börger et al. [10] for more formal definitions and
history. A prefix vocabulary class is a triple [Π, p]e , where Π is
a string over the alphabet {∃, ∀, ∃∗ , ∀∗ }, p is either a sequence
over the naturals and first infinite ordinal or the phrase “all”,
and e is either ’=’ or the empty string.

graphs and so it is natural to consider other types of structures. We generalized the concept of testability to relational
structures and showed the following.

Definition 4. First-order formula ϕ := π1 x1 π2 x2 . . . πr xr : ψ
in prenex normal form, with quantifiers πi and quantifier-free
ψ, belongs to the prefix vocabulary fragment defined by [Π, p]e
if the following conditions are satisfied.
1) The string π1 π2 . . . πr is contained in the language
specified by Π when Π is interpreted as a regular
expression.
2) If p is not all, at most pi distinct predicate symbols of
arity i appear in ψ.
3) Equality (=) appears in ψ only if e is ‘=’.

Theorem 4 (Jordan and Zeugmann [15]). All formulas in
[∃∗ ∀∗ , all]= define properties that are testable.

The goal in the classification problem for testability is to
obtain a complete classification of which prefix vocabulary
classes are testable and which are not.
IV. R ECENT R ESULTS
The classification of prefix vocabulary classes of firstorder logic was started by Alon et al. [6]. They showed that
undirected, loop-free properties expressible in [∃∗ ∀∗ , (0, 1)]=
are testable and that there exists an untestable property expressible in [∀12 ∃5 , (0, 1)]= . When studying the classification
problem, it is necessary to minimize the number of quantifiers
needed to express untestable properties. Additionally, the firstorder theory of graphs is not restricted to undirected, loopfree graphs. Accordingly, we have recently simplified the
untestable example from Alon et al. [6], giving the following.
Theorem 1 (Jordan and Zeugmann [11]). The following prefix
vocabulary classes are not testable:
1) [∀3 ∃, (0, 1)]=
2) [∀2 ∃∀, (0, 1)]=
3) [∀∃∀2 , (0, 1)]=
4) [∀∃∀∃, (0, 1)]=
The specific example used is essentially an encoding in
directed graphs of undirected graph isomorphism2 . Very recently, we have used a somewhat more complicated property
(related to Boolean function isomorphism) to sharpen three of
these prefixes as follows.
Theorem 2 (Jordan and Zeugmann
[13]). There are untestable
√
properties (even given o( n) queries) in [∀∃∀, (0, 1)]= .
The proof applies ideas from Alon and Blais [14]. However,
first-order logic is not restricted to expressing properties of
2 Graph isomorphism is generally hard for testing, see, e.g., Fischer and
Matsliah [12].

Theorem 3 (Jordan and Zeugmann [9]). All formulas in
[∃∗ ∀∃∗ , all]= define properties that are testable.
This is Ackermann’s class with equality, which has many
nice properties. We have also applied a strong result by Austin
and Tao [8] to extend the positive result of Alon et al. [6] from
undirected, loop-free graphs to relational structures.

This is (the full) Ramsey’s class, which also has many nice
properties. The current classification is consistent with the
classifications for the finite model property, docility and associated second-order 0-1 laws. We are particularly interested
in the testability of variants of the Gödel class (i.e., classes
containing [∀2 ∃, (0, 1)]). Determining whether these classes
are testable would complete the classification for the special
case of predicate logic with equality.
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