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Motivation' I

This course mainly deals with sequential computations. That is,
within our underlying model, one and only one bit operation
can be performed in one time step. So, we identify the time
complexity with the number of bit operations to be performed.
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Motivation' I

This course mainly deals with sequential computations. That is,
within our underlying model, one and only one bit operation
can be performed in one time step. So, we identify the time
complexity with the number of bit operations to be performed.

For many problems often quite different algorithms are known
that solve them. Thus, one has to compare these algorithms in
order to make a qualified choice which algorithm to use.
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Motivation II

We distinguish between the best-case, worst-case and average-case
analysis of algorithms.

The best-case deals with those inputs on which the algorithm
achieves its fastest running time. The worst-case analysis
provides an upper bound which is never exceeded
independently of the inputs the algorithm is run with. So a
worst-case analysis is of particular importance for all
applications that are safety critical.
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Motivation Il

We distinguish between the best-case, worst-case and average-case
analysis of algorithms.

The best-case deals with those inputs on which the algorithm
achieves its fastest running time. The worst-case analysis
provides an upper bound which is never exceeded
independently of the inputs the algorithm is run with. So a
worst-case analysis is of particular importance for all
applications that are safety critical.

On the other hand, it may well be that those inputs, on which
the considered algorithm achieves its worst-case, occur very
seldom in practice. Provided the application is not safety
critical, one should prefer the algorithm achieving the better
average-case behavior.
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Motivation IIl

Last but not least, for several applications one also needs
guarantees that there is no algorithm solving a problem quickly
on any input. We shall study such applications in the second
part of our course when dealing with cryptography. But even
without going into any detail here, it should be clear that
deciphering a password must be as difficult on average as in the
worst-case.
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Motivation IV

We aim to express the complexity as a functions of the size of
the input. This assumes that inputs are made by using any
reasonable representation for the data on hand. For doing this,
it is advantageous to neglect constant factors. Intuitively, this
means that we are aiming at results saying that the running
time of an algorithm is proportional to some function.
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Motivation IV

We aim to express the complexity as a functions of the size of
the input. This assumes that inputs are made by using any
reasonable representation for the data on hand. For doing this,
it is advantageous to neglect constant factors. Intuitively, this
means that we are aiming at results saying that the running
time of an algorithm is proportional to some function.

To formalize this approach, we need the following:

IN ={0,1,2,...}is the set of all natural numbers.

We set Nt =N\ {0}.

Z.is the set of all integers.

We use Q and R for the set of all rational numbers and real
numbers, respectively.
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Deflnltlons

The non-negative real numbers are denoted by R>.
For all real numbers y we define |y, the floor function, to be the
greatest integer less than or equal to y.

Similarly, [y| denotes the smallest integer greater than or equal
toy, i.e., the ceiling function.
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Definitio"ﬁ‘s I

The non-negative real numbers are denoted by R>.
For all real numbers y we define |y, the floor function, to be the
greatest integer less than or equal to y.

Similarly, [y| denotes the smallest integer greater than or equal
toy, i.e., the ceiling function.

Furthermore, for all numbers y € R we write [y| to denote the
absolute value of y.
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Order Notatlons I

Definition 1

Let g: N — R be any function. We define the following sets:

(1) O(g(n)) =ar {f | f: N — Ry there are constants ¢, ng > 0
such that 0 < f(n) < cg(n) for all n > ny},
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Definition 1

Let g: N — R be any function. We define the following sets:
(1) O(g(n)) =ar {f | f: N — Ry there are constants ¢, ng > 0
such that 0 < f(n) < cg(n) for all n > ny},

(2) Q(g(n)) =af {f| f: IN — R>, there are constants c,ng > 0
such that 0 < cg(n) < f(n) for all n > ng},
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Order thationsr 7I

Definition 1

Let g: N — R be any function. We define the following sets:

(1) O(g(n)) =ar {f | f: N — Ry there are constants ¢, ng > 0
such that 0 < f(n) < cg(n) for all n > ny},

(2) Q(g(n)) =af {f| f: IN — R>, there are constants c,ng > 0
such that 0 < cg(n) < f(n) for all n > ng},

(3) o(g(n)) =af {f | f: N — R, for every constant ¢ > 0
there exists a constant ng > 0 such that 0 < f(n) < cg(n)
for all n > nyg},
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Order Notatlons I

Definition 1

Let g: N — R be any function. We define the following sets:

(1) O(g(n)) =ar {f | f: N — Ry there are constants ¢, ng > 0
such that 0 < f(n) < cg(n) for all n > ny},

(2) Q(g(n)) =af {f| f: IN — R>, there are constants c,ng > 0
such that 0 < cg(n) < f(n) for all n > ng},

(3) o(g(n)) =af {f | f: N — R, for every constant ¢ > 0
there exists a constant ng > 0 such that 0 < f(n) < cg(n)
for all n > nyg},

(4) ©(g(n)) =ar {f [ f: N — Ry, there exist constants cy, cp,
and ng > 0 such that 0 < ¢yg(n) < f(n) < crg(n)
for all n > ng}.
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To indicate that a function f is a member of O(g(n)), we write
f(n) = O(g(n)).
We adopt this convention to Q)(g(n)), o(g(n)) and O(g(n)).

©Thomas Zeugmann



ultiplication lutions of ve Equations End
00000080 ( [e]e]

Order Notationsr [

To indicate that a function f is a member of O(g(n)), we write
f(n) = O(g(n)).
We adopt this convention to Q)(g(n)), o(g(n)) and O(g(n)).

Note that the O-notation expresses an asymptotic upper bound
while the Q-notation expresses an asymptotic lower bound.
Looking at the definition above, we see that the ©-notation
establishes an asymptotic tight bound.
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More Notations

Throughout this course, we write lognn to denote the logarithm
to the base 2,

Inn to denote the logarithm to the base e (where e is the Euler
number),

and log_n to denote the logarithm to the base c.

©Thomas Zeugmann



\ of Recursive Equations
0000000 o]

More Notations

Throughout this course, we write lognn to denote the logarithm
to the base 2,

Inn to denote the logarithm to the base e (where e is the Euler
number),

and log_n to denote the logarithm to the base c.

Now, we are ready to study the first algorithms. The basic
arithmetic operations, i.e., addition, subtraction, multiplication
and division are of fundamental importance. Therefore, we start
with them.
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For measuring the complexity of addition, we use the length of
the numbers to be added as the basic complexity parameter.
Thus, in the following we assume as input two n-bit numbers
a4 =0an—-1---Qp and b:bnfl--'bo,

where ai, by € {0,1}foralli=0,...,n—1.
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Addition |

For measuring the complexity of addition, we use the length of
the numbers to be added as the basic complexity parameter.
Thus, in the following we assume as input two n-bit numbers
a=d0anp_1--"Qp and b:bnfl--'bo,

where ai, b; €{0,1}foralli=0,...,n—1.

The semantics of these numbers a and b is then
n—1 .

a= ) ai2'and
i=0
n—1

b= Y b2h
i=0

©Thomas Zeugmann
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We have to compute the sum

n
s:a+b:ZsiZi, si €{0,1}foralli=0,...,n.
i=0
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Addition Il

We have to compute the sum

n
s:a+b:ZsiZi, si €{0,1}foralli=0,...,n.
i=0

Note that s is a number having at most n + 1 bits.
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We have to compute the sum

n
s:a—&-b:ZsiZi, si €{0,1}foralli=0,...,n.
i=0

Note that s is a number having at most n + 1 bits.

We use A and V to denote the logical AND and OR operation,
respectively. By © we denote the Boolean EX — OR function,
ie.,

@
0
1

— OO
[ R Y
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Using essentially the well-known school method for addition,
we can express the s; and the carry bits ¢y and c; 1,
1=0,...,n—1as follows:

Sn
Si
Co

Cit1

Cn,

ai ®bi®ci, where

0,

(Cli /\bi) V (ai /\Ci) V (bi /\Ci) .

©Thomas Zeugmann
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Addition Il

Using essentially the well-known school method for addition,
we can express the s; and the carry bits ¢y and c; 1,
1=0,...,n—1as follows:

Sn = Cn,
s$i = a;dPbiPDci, where
co = 0,

ciy1 = (aiAbi)V(aiAci)V (biAcyi).

Since we want to count the number of binary operations to be
performed, we have to make a decision here. Either we can
consider @ also as a basic binary operation or we restrict
ourselves to allow exclusively the logical AND, OR and the
logical negation as basic binary operations.
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In the latter case, we have to express @ as
x®y=xAFG)V(xAy), wherex,yec{0,1},

i.e., it takes 5 bit basic operations (2 negations, 2 times AND and
one time OR) to express @. So, the choice we make will only
affect the constant and can thus be neglected here.

©Thomas Zeugmann
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Addition IV

In the latter case, we have to express @ as
x®y=xAFG)V(xAy), wherex,yec{0,1},

i.e., it takes 5 bit basic operations (2 negations, 2 times AND and
one time OR) to express @. So, the choice we make will only
affect the constant and can thus be neglected here.

We thus obtain the following theorem:

The addition of two numbers a and b each having at most n bits can
be performed in time O(n).

©Thomas Zeugmann



f Recursive Equations End

Subtraction |

Subtraction can be handled within the scope of integer addition.
For representing integers, we need an extra bit for representing
the sign. We shall call such representations AS-numbers, where
A stands for “absolute value” and S for “sign.”

Definition 2

The value of an AS-number x = (x_1,...,%g) € {0,1}™" is
defined as

Vas(x) =ar (=11 (xq22™ 2+ + %12+ Xg) -

©Thomas Zeugmann
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When dealing with addition of two AS-numbers x, y having at
most n bits each, we distinguish the following cases:

Casel. Xn-1=VYn_1-

That means x and y have the same sign. Hence, the sign of the
sum is the same as the common sign of x and y. Moreover, the
absolute value of the sum equals the sum of the absolute values
of x and y. Thus, we can directly use addition algorithm
presented above.




Subtraction Il

When dealing with addition of two AS-numbers x, y having at
most n bits each, we distinguish the following cases:

Casel. Xn-1=VYn_1-

That means x and y have the same sign. Hence, the sign of the
sum is the same as the common sign of x and y. Moreover, the
absolute value of the sum equals the sum of the absolute values
of x and y. Thus, we can directly use addition algorithm
presented above.

Case2. Xn_ 1 #Yn_1 -

Now, we have to compare the absolute values of x and y. The
sign of the sum is equal to sign of the number having the bigger
absolute value. Without loss of generality, let x” be the bigger
absolute value and y’ the smaller one. Hence, the absolute
value of the sumis x’ —y’.
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Consequently, we have to deal with two additional problems.
First, we have to show that subtraction of two n-bit numbers
can be performed in time O(n).
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'Sub'tract'ion 1l

Consequently, we have to deal with two additional problems.
First, we have to show that subtraction of two n-bit numbers
can be performed in time O(n).

Second, we have to prove that comparison of absolute values of
two n-bit numbers can be done in time O(n), too. We leave it as
an exercise to show these two results, since we should have
already some familiarity with these subjects (from technical
computer science and/or electrical engineering).
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'Sub'tract'ion 1l

Consequently, we have to deal with two additional problems.
First, we have to show that subtraction of two n-bit numbers
can be performed in time O(n).

Second, we have to prove that comparison of absolute values of
two n-bit numbers can be done in time O(n), too. We leave it as
an exercise to show these two results, since we should have
already some familiarity with these subjects (from technical
computer science and/or electrical engineering).

Thus, we leave it as an exercise to prove the following theorem:

The subtraction of two AS-numbers a and b each having at most n
bits can be performed in time O(n).

©Thomas Zeugmann
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Multiplication |

We deal here only with the multiplication of natural numbers.
Given are two n-bit numbers a = a,,_1--- qg and
b=b,_1---bg, wherea;, by €{0,1} foralli=0,...,n—1.
Again, the semantics of these numbers a and b is then

n—1 . n—1 .
a= ) a2 and b= ) b;2"
i=0 i=0

We have to compute the product ab. Taking into account that
a, b < 2™, one easily estimates ab < 2™ . 2™ = 2" — 221 Go,
the product ab has at most 2n bits.

©Thomas Zeugma
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First, we apply the usual school method for multiplication.
Multiplication of two bits can be realized by the AND function.
Thus, first we need n? many applications of AND to form the n
summands and n costless shifts. Next, we have to add these n
numbers. Using the same ideas as above, one easily verifies
that this iterated sum takes another O(n?) many bit operations.
Thus we have the following theorem:
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Multiplication Il

First, we apply the usual school method for multiplication.
Multiplication of two bits can be realized by the AND function.
Thus, first we need n? many applications of AND to form the n
summands and n costless shifts. Next, we have to add these n
numbers. Using the same ideas as above, one easily verifies
that this iterated sum takes another O(n?) many bit operations.
Thus we have the following theorem:

The usual school algorithm for multiplying two numbers a and b
each having at most . bits can be performed in time O(n?).
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Multiplication IlI

Can we do any better? I

©Thomas Zeugmann
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Multiplication Ill

Can we do any better? I

The affirmative answer will be provided by our next theorem
which goes back to Anatoly Karatsuba.

We apply the method of divide et impera (divide and conquer in
English) for sequential computations.
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ultiplication Il

Can we do any better? l

The affirmative answer will be provided by our next theorem
which goes back to Anatoly Karatsuba.

We apply the method of divide et impera (divide and conquer in
English) for sequential computations.

The general idea of the method divide et impera is as follows:
The problem of size n is divided into a certain number of
independent subproblems having the same type but having
lower size. The solution of the original problem is obtained by
combining the solutions of the subproblems in an appropriate
manner. If this technique is applied recursively to the
subproblems until problems of sufficiently small size arise, then
the best effect will result.
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Multiplication IV

Theorem 4

There is an algorithm for multiplying two numbers a and b each
having at most n. bits that can be performed in time O(n'°83).

©Thomas Zeugmann
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Theorem 4

There is an algorithm for multiplying two numbers a and b each
having at most n. bits that can be performed in time O(n'°83).

Proof. Without loss of generality, we let n = 2%, Then there exist
numbers aj, a; and by, b; such that

a=a2™?+a; andb=0by2"2+b;.
Then, it holds

ab = (aOZ“/Z + a1)(b02“/2 + bl)
= aobOZ“ + (a0b1 + (l]bo)zn/z + a1b1 . (1)

©Thomas Zeugmann
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Equation (1) reduces the problem of multiplying two n-bit
numbers to four multiplications of numbers having at most n/2
bits and three additions as well as two shift operations. So, it

does not help.

©Thomas Zeugmann
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Equation (1) reduces the problem of multiplying two n-bit
numbers to four multiplications of numbers having at most n/2
bits and three additions as well as two shift operations. So, it
does not help.

Karatsuba found a way to reduce the number of multiplications
of numbers having at most n/2 bits from four to three by
observing that

(agbq + aibg) = (ag + a1)(bg + b)) — (agbg + aibq) . )

Using Equation (2), it is immediately clear that we only have to
compute the three products agbg, a;b;, and (ag + ay)(bg + by).
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Therefore, we directly arrive at the following algorithm: For
each of the Steps (1) through (6) perform the computation
sequentially.
Karatsuba Multiplication
) so =ag+ay, s1 =Dbg+ by

Po = aobo, P1 = a1b1, P2 = sps1;

t=7po+pru;

2)
)
) u=rpy—t, 0 =u2"?
)
) P

3

N

5 v= Clob()zn + (11b1,

(1
(
(
(
(
(6

=v+1.
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The correctness of the algorithm above is obvious by the
arguments provided before displaying it.
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The correctness of the algorithm above is obvious by the
arguments provided before displaying it.

We have to estimate the complexity of the Karatsuba
multiplication.

Let A(n) be the time for adding two n-bit numbers, and
let M(n) be the time for multiplying two n-bit numbers.

©Thomas Zeugmann
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Then, we can estimate the time complexity as follows:

(1) 2A(n/2);

(2) 2M(n/2) + M(n/2 +1);

(3) A(n);

(4) A(n + 2) and a costless shift.

(5) This step is costless, since it is only a concatenation of bits.
6) A

6 ( ) since the n/2 lower bits of {t are all 0.

©Thomas Zeugmann



Multiplication IX

Now, the main idea is to apply the Karatsuba multiplication
algorithm recursively to itself. The only disturbing point here is
that we have a subproblem (computing sgs1) which is the
multiplication of two numbers having n/2 4 1 bits (and not
only n/2 as desired). We resolve it as follows:

©Thomas Zeugmann



Multiplication IX

Now, the main idea is to apply the Karatsuba multiplication
algorithm recursively to itself. The only disturbing point here is
that we have a subproblem (computing sgs1) which is the
multiplication of two numbers having n/2 4 1 bits (and not
only n/2 as desired). We resolve it as follows:

Let sg = x02 + %1 and s; = yp2 + y1, where x4, y; € {0,1} and
Xg, Yo are n/2-bit numbers. Then
sos1 = (%02 +x1)(yo2 +y1)
= 4xgYo + 2(xoy1 + x1Y0) + x1Y1 - 3)

©Thomas Zeugmann



Multiplication IX

Now, the main idea is to apply the Karatsuba multiplication
algorithm recursively to itself. The only disturbing point here is
that we have a subproblem (computing sgs1) which is the
multiplication of two numbers having n/2 4 1 bits (and not
only n/2 as desired). We resolve it as follows:

Let sg = x02 + %1 and s; = yp2 + y1, where x4, y; € {0,1} and
Xg, Yo are n/2-bit numbers. Then
sos1 = (%02 +x1)(yo2 +y1)
= 4xoyo + 2(xoy1 + x1Yo) + x1Y1 - 3)

Now, the multiplication of xgyy is a multiplication of n/2-bit
numbers, i.e., it has costs M(n/2).

©Thomas Zeugmann
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Multiplication X

The remaining multiplications, i.e., Xgy1, 1Yo and x;y; can be
directly realized by using n +1 AND gates, since x1, y; € {0,1}.
Additionally, we have to include the costs for addition, i.e.,

An)+AMm/2)+1. 4)
Therefore, by using (3) and (4), we arrive at

Mn/24+1) < Mn/2)+An)+An/2)+1.

©Thomas Zeugmann
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Multiplication X

The remaining multiplications, i.e., Xgy1, 1Yo and x;y; can be
directly realized by using n +1 AND gates, since x1, y; € {0,1}.
Additionally, we have to include the costs for addition, i.e.,

An)+AMm/2)+1. 4)
Therefore, by using (3) and (4), we arrive at
Mn/24+1) < Mn/2)+An)+An/2)+1.

Since addition can be realized by a sequential algorithm taking
time O(n), we conclude that there is a constant ¢ > 0 such that

M(n/24+1) < M(n/2)+én.
Consequently, there is a constant ¢ > 0 such that

c, ifn=1;

M(n) = { 3M(n/2)+cn, ifn>1. ©®)

©Thomas Zeugmann
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Multiplication X

Now, it suffices to show that M(n) = 3cn!83 — 2¢n is a solution
of the recursive Equation (5).

©Thomas Zeugma



Multiplication X

Now, it suffices to show that M(n) = 3cn!83 — 2¢n is a solution
of the recursive Equation (5).
This is shown inductively. For the induction base, we get

M(1) =3c1'983 —2¢ =¢.

©Thomas Zeugmann
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ultiplication XI

Now, it suffices to show that M(n) = 3cn!83 — 2¢n is a solution
of the recursive Equation (5).
This is shown inductively. For the induction base, we get

M(1) =3c1'983 —2¢ =¢.

Assume the induction hypothesis for m. The induction step is
from m to 2m. Recall that n = 2¥, thus this induction step is
justified. We have to show that M(2m) = 3c(2m)lo83 —2¢(2m).

M(@2m) = 3M(m)+2cm
= 3 <3cm1°g3 — 2cm> +2cm

= 9cml83 — 4cm = 9em!o83 — 2¢(2m)
= 3¢2"°83m1083 _2¢(2m) = 3¢(2m)'°8% — 2¢(2m) .

Consequently, M(1) = O(nl°g3). This proves the theorem. i
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Discussion

Recall that log 3 ~ 1.59. Thus, the Karatsuba multiplication is
indeed much faster than the usual school method. Intuitively,
the improvement is due to the fact that multiplication is more
complex than addition. Hence, performing three instead of
four multiplications results in roughly 25% saving of time.
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Discussion

Recall that log 3 ~ 1.59. Thus, the Karatsuba multiplication is
indeed much faster than the usual school method. Intuitively,
the improvement is due to the fact that multiplication is more
complex than addition. Hence, performing three instead of
four multiplications results in roughly 25% saving of time.

One can do even better. Schonhage and Strassen (1971) found a
multiplication algorithm that takes time O(n lognloglogn) for
computing the product of two n-bit numbers. Very roughly
speaking, their algorithm works via the fast Fourier
transformation. However, their algorithm is only
asymptotically faster, and n must be very large for achieving an
improvement in practice. We thus omit this algorithm here.
And 2007 Fiirer presented an even faster algorithm for integer
multiplication.

©Thomas Zeugmann
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Discussion

Recall that log 3 ~ 1.59. Thus, the Karatsuba multiplication is
indeed much faster than the usual school method. Intuitively,
the improvement is due to the fact that multiplication is more
complex than addition. Hence, performing three instead of
four multiplications results in roughly 25% saving of time.

One can do even better. Schonhage and Strassen (1971) found a
multiplication algorithm that takes time O(n lognloglogn) for
computing the product of two n-bit numbers. Very roughly
speaking, their algorithm works via the fast Fourier
transformation. However, their algorithm is only
asymptotically faster, and n must be very large for achieving an
improvement in practice. We thus omit this algorithm here.
And 2007 Fiirer presented an even faster algorithm for integer
multiplication.

Try to implement Karatsuba’s multiplication.
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Solutions of Recursive Equations

The technique of divide et impera yields recursive equations.
Can we say something about the general solvability of them?
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Solutions of Recursive Equation

The technique of divide et impera yields recursive equations.
Can we say something about the general solvability of them?

Theorem 5

Let a, b, ¢ € NT. Then the recursive equation

Tn) = b, ifn=1;
= aT(%)—I—bn, foralln >1,

where n is a power of c, has the following solution:

O(n), ifa<c;
T(n)=<¢ O(nlogn), foralla=c;
O(nlos. ), foralla>c.

©Thomas Zeugmann



Proof |

Let n be a power of c,ie., n = ck. First, we show that

log. n

T(n) =bn- Z (%)i

i=0

is a solution of the recursive equation given in Theorem 5.
This is done inductively. For the induction basis let n = 1.
Then, log.1 = 0 and

T(1) = by definition)

b
a .
b- <E> (multiplying by 1)

Il
on
.I\/]o
—
ola
~—
)

=
o

This shows the induction basis.
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Proof Il

Next, assume the induction hypothesis (abbr. IH) that

log. m

T(m)=bm- (%)l
1i=0

is a solution of the recursive equation for n = m. The induction
step has to be done from m to cm, i.e., we have to show that

log.(cm)

T(ecm) =bem - Z (%)i.

i=0
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Proof Ill

T(em) = aT(m)+becm (by definition)
log. m i
= abm Z —) +bcm  (by the IH)
i=0
logem 549
= bm- — tbem
i=0
log, m (log. m)+1

i+1 a i
= bcm- Z (%) + becm = bem - Z <E) .
i=0 i=0

Finally, (log. m) + 1 =log. m + log. ¢ = logc(cm). Thus,

log.(cm)

T(ecm) =bem - Z (%)i.

i=0
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Proof IV

Next, we distinguish the following cases:

Casel. a<c -

Then a/c < 1and thus ) ( %)l is a convergent series. Hence,
i=0

we have T(n) = O(n).
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Proof IV

Next, we distinguish the following cases:

Casel. a<c

o0

Then a/c < 1and thus ) ( %)l is a convergent series. Hence,
i=0

we have T(n) = O(n).

Case2. a=c

Consequently, a/c =1, and thus

log. m

Z (%)izl—l—logcn.

i=0

Therefore, T(n) = O(nlog.n) = O(nlogn).
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Proof V

00000e

Case3. a >c

T(n)

N\

N

log. m

bn - Z (Ccl>ibn~(2_1_

i=0

~ a\ 1+log. n R

kbn - <<c> — 1> (note that k is a constant)

. 1+log. m .~ a

kbn - —— - = kb— al°8c™  (recall that n = clo8c ™)
C 0g. n (¢

k’al%8™ | where k’ = kba/c

. Inn
k/elogcnlna _ k/elnnlna-(l/lnc) , (smce IOgCTl — 1
nc

K/elnnlog. a , (since (Ina)/Inc = logc a)

k/nlogC a _ O(nlogC a) ) I
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Thank you!




Anatolii Alexeevich Karatsuba

homas Zeugmann
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