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Abstract

We prove performance guarantees for Bayesian learning algorithms, in
particular stochastic model selection, with the help of potential functions.
Such a potential quantifies the current state of learning in the system, in
a way that the expected error in the next step is bounded by the expected
decrease of the potential. For Bayesian stochastic model selection, an ap-
propriate potential function will be specified by introducing the entropy
potential, a quantity which we define as the worst-case entropy of a model
class with regard to the true model. The resulting cumulative error bounds
correspond to Solomonoff’s theorem and are essentially sharp. They imply
consistency, namely almost sure convergence of the predictive probabilities
to the true ones, and loss/regret bounds for arbitrary bounded loss func-
tion. Although we formulate our results in the classification framework,
they are equally applicable to the prediction of non-i.i.d. sequences.

1 Introduction

Most of the performance guarantees proven recently in learning theory fall into the
category of “data dependent bounds”. They are powerful for constructing learning
algorithms and usually do not need any assumption on the data generating process.
On the other hand, if we want to make assertions about a learner’s (expected) quality,
before we have seen any data, a different type of performance guarantees is required:
bounds that hold prior to any observation under certain assumptions on the data
generating process. This is the topic of the present paper.

An archetype for this latter sort of performance guarantees is Solomonoff’s uni-
versal induction result [Sol78] (see Theorem 3 below). It gives a tight bound on the

*This work was supported by JSPS 21st century COE program CO01.



2 J. POLAND

expected cumulative quadratic error of a Bayesian mixture learner, provided that the
learner is based on a countable model class containing the data generating distribu-
tion. This does not only imply a very strong consistency assertion (namely almost
sure convergence, i.e. convergence with probability one), but also loss bounds for ar-
bitrary loss function. A variant for continuously parameterized model class has been
given in [CB90]. Minimum description length (MDL) defines another class of learners
for which corresponding results are known [Ris96, PHO5].

While, for given data, MDL and Bayes mixture learners make deterministic pre-
dictions, this is different for stochastic model selection, sometimes also referred to as
Gibbs sampling. For this learner we know of no corresponding theorem so far: This
is the main focus of the present paper. A different important type of theorems has
been intensely studied for stochastic model selection in the recent past, namely PAC-
Bayesian theorems, e.g. [McA03]: They state that PAC bounds for a single model
carry over to a learner which selects models randomly according to a suitable poste-
rior distribution.

By proving cumulative error bounds for the stochastic model selection learner,
we will obtain two conclusions: We will show that this learner is consistent in the
(strong) sense that the predictive probabilities converge to the true ones almost surely.
Moreover we will obtain loss or regret bounds under arbitrary bounded loss functions.
Both results are, to our knowledge, new for this learner.

The present proofs are based on the method of potential functions. A potential
quantifies the current state of learning, such that the expected error in the next step
does not exceed the expected decrease of the potential function in the next step. If
we then can bound the cumulative decrease of the potential function, we obtain the
desired bounds. Again Solomonoft’s result can be understood as an archetype for this
method, as we will see below. The potential method used here has been inspired by
a related (but technically different) proof technique in prediction with expert advice
[CBLO03]. Also, note the fundamental difference between Bayesian stochastic model
selection, which we focus on, and the very popular stochastic expert selection algo-
rithms, e.g. [FS97]. In the latter case, the posterior, according to which is sampled,
is not Bayesian, but specifically designed for regret minimization. Expert algorithms
do not yield estimates for the probabilities governing the data.

In order to get a potential function for stochastic model selection satisfying the
desired properties, we will introduce the entropy potential. This quantity is defined
as the worst-case entropy of the model class under all admissible transformations of
the weights, where the weight of the true distribution (which is in the model class by
assumption) is kept fixed. The entropy potential is possibly a novel definition in this
work.

This paper is structured as follows. In the next section, we will introduce the
notation and prove Solomonoff’s result with a potential function. In Section 3, we
consider stochastic model selection and prove the main auxiliary result in order to
obtain bounds. Section 4 defines the entropy potential and proves bounds for general
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countable model class. In Section 5 we turn to the question how large the newly
defined entropy potential can be. The last section contains discussion and conclusions.

2 Setup and Bayes Mixture

We work in a general discrete Bayesian online classification framework with stochas-
tic concepts. All our theorems and proofs carry over to the prediction of non-i.i.d.
sequences (this setup is defined e.g. in [PHO05], compare also Remark 2).

Let X = {1...|X|} be a finite alphabet, Z be a finite or countable set of possible
inputs (see again Remark 2), and C = v, 1, ... be a finite or countable model class.
Each model v € C specifies probability distributions! on X for all inputs z € Z, i.e. v
is a function

vz (V(x|z))xex where v(x|z) > 0 and Z v(z|z) = 1. (1)

Each v € C is assigned a prior weight w, > 0, where )  _.w, = 1. (We need not
consider models with zero prior weight, as they don’t have any impact for anything
of what follows.) In order to make clear that we talk of the prior or initial weight,

init

opposed to a posterior weight, we will sometimes write w;"" instead of w,,.

We assume that there is one data generating or true distribution p € C. Then the
online classification proceeds in discrete time ¢ = 1,2,...: An input z; is generated
by some mechanism (compare Remark 2 below) we must issue (i.e. the learner must
compute) a guess (p(a:))xe v (where 3, p(z) = 1) for the current probability vector
(u(:c]zt))xex, and an outcome z, € X is sampled according to (p(z|z)) and revealed
to the learner (note that the probabilities (p(z|z)) are not revealed).

After each observation z;, we may update the weights w, by Bayes’ rule, thus
obtaining, after time ¢ — 1 and before time ¢, the posterior weights

w, [Ti=; v(wiluw,)
ZV’EC Wy Hi:l V' (xi|u;) ’

where hoy = (2«4, <) = (u1, T1,u9,Xa, ..., 2-1,%41) denotes the history. Then, in

wl/(h<t) = wu(hlztfl) = wu(zlztfla */El:z‘fl) =

the Bayesian sense it is optimal to estimate the current probabilities according to the
Bayes mizture

|Zt7 h<t Z Wy h<t |Zt)

veC

Example 1 Assume that X is binary and Z contains only a single element. In this
case the observations are Bernoulli trials, i.e. they result from fair or unfair coin flips.

'We don’t consider semimeasures, as our methods below rely on normalized probability dis-
tributions. This restriction can be possibly lifted to some extent, however we do not expect the
consequences to be very interesting (see also Example 22).
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C specifies the set of possible coins we consider, and it is well-known that all posterior
weights but the weight of the true coin will converge to zero almost surely for ¢ — oo.
With the set of coins C = {i, %, %} and the true coin being the fair one, it is easy
to see that this example gives a lower bound o(—logw,) on the expected quadratic
error of Bayes mixture and stochastic model selection predictions, namely the Lh.s.
expressions of (4) and (7), respectively.

Remark 2 The inputs z; are not used at all throughout this paper, so the mechanism
which generates them doesn’t need to be specified. We could as well work in an input-
less sequence prediction setup, which is common for Solomonoff induction (Theorem
3 below). We decided to keep the inputs, as stochastic model selection is usually
considered in a classification setup (compare also Example 22). We incorporate the
inputs into the history h.;, thus they don’t complicate the notation.

Solomonoff’s [Sol78| remarkable universal induction result tightly bounds the per-
formance guarantee for the Bayes mixture with an arbitrary input sequence z;. For
introductory purpose, we prove it here in the classification setup. We use an appro-
priate potential function, thereby slightly modifying the proof from [Hut04].

Theorem 3 (Solomonoff’s universal induction result) Assume that the data gener-
ating distribution is contained in the model class, i.e. p € C. Define the complexity
potential as

K(h<t) = — 10g w“(h<t). (2)
(All logarithms are natural in this paper.) For any current input z; and any history
h<, this potential satisfies

(i) K(h<t) >0,
(i) K(het) = BapplonKlhie) =Y (u(zlz) — E(xl2, har))’. (3)

TEX

By summing up the expectation of (i) while observing (i), we immediately obtain
Solomonoft’s assertion for arbitrary sequence of inputs 21, 23, .. .:

ZEIIM m—ZEHu J21) — €GP < K = —loguw™®,  (4)

where expectation is with respect to p, and the squared 2-norm of a vector v € RI¥!
is defined as usual, |[v]|3 = Y, v?. As we will see in the proof of Theorem 7, this
implies that the Bayes mixture probabilities £ converge to the true probabilities u
almost surely.

Proof. Clearly, () holds. In order to show (i7), we observe that w,,(h1.) = wu(hq)%.
Then, simplifying the notation by suppressing the history h.; and the current input

z (e.g. K stands for K(hy)),

K~ EBK(2) = K= Y () (K~ log 43 ) = D[puC-|z0)|[( |20, hee)].

reX
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The r.h.s. here is called Kullback-Leibler divergence. By the following lemma it is an
2
upper bound for 7 . (u(m[zt) — &(z|z, h<t)) . O

Lemma 4 For two probability distributions p and p on X, we have

> (ula) = pla))” < p(a) log 4.

aeX aceX

This well known inequality is proven for instance in [Hut04, Sec.3.9.2].

By Kraft’s inequality, the complexity I of p can be interpreted as u’s description
length. Thus, Solomonoft’s theorem asserts that the predictive complexity (measured
in terms of the quadratic error) coincides with the descriptive complexity, if the data
is rich enough to distinguish the models. Then K can be viewed as the state of
learning in the discrete model class. Observe that only the expected progress, i.e.
decrease of IC, is positive. The actual progress depends on the outcome of z; and is
positive if and only if pu(x¢) > £(zy). If the probability vectors p and £ coincide, then
— according to this potential function — no learning takes place for any observation,
as then KC(z;) = K for all x;. Hence, the complexity potential I need not always be
a good choice to describe the learning state.

Example 5 Consider a binary alphabet and a model class containing three distribu-
tions vy, o, 13, predicting v;(1|z) = i for some input z. Suppose pu = v, i.e. the true
probability is % Then we cannot measure the learning progress after the observation
in terms of K. However, there should be a progress, and indeed there is one, if we
consider the entropy of the model class. This will become clear with Lemma 6.

3 Stochastic Model Selection

Here is another case where the complexity potential K is not appropriate to quantify
the state of learning. In stochastic model selection, the current prediction vector
=(+|zt, h<¢) is obtained by randomly sampling a model according to the current weights
w, (h<) and using this model’s prediction, i.e.

E(+|zt, het) = vy (+|2t) where P(J =1i) = w,, (h<y).

Hence, = is a random variable depending on the sampled index J. The following
lemma gives a first indication for a suitable potential function for learning with
stochastic model selection.

Lemma 6 Assume that the current entropy of the model class,

H(het) = — Zwu(h<t) log wy, (h<t),

velC
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1s finite. Then, for any input z,

H(het)=Bg et )zene) H(h1t) Z wy, (h<y) Z v(x|z)log %

velC reX

> wy(ha) Y (v(wlz) = €]z, hay))” = B2 = ][5

veC reX

Proof. The equality is straightforward computation. Then use Lemma 4 for the
inequality. a

Unfortunately, the L.h.s. of the above inequality contains an expectation w.r.t. &
instead of p. Since on the other hand i governs the process and generally differs from
&, the entropy H is not directly usable as a potential for the =’s deviation from its
mean £. The following theorem demonstrates an easy fix, which however exponentially
blows up the potential.

Theorem 7 (Predictive performance of stochastic model selection: loose bound) As-

sume that ju € C. Define the potential Pr(h<y) = H(h<) exp (K(h<t)) = H(her)/wu(het).

Then, for any history h<; and any current input z,

_ 2
Pri(het) = Baypiz0Pr(hie) = Bl|S(|2, har) = §( 120, har)]5. (5)

Consequently, with H™ = =3~ . wi™logw™ denoting the initial entropy,
Z EH»—' g”2 < Plnlt Hlnlt/wlnlt (6)

Z EH_, MHQ log mlt) Hlmt/wlmt + 2\/ Hmlt log(w‘mt)/wlmt (7)

and the predictions by = converge to the true probabilities . almost surely.

Proof. Recall w,(hi4) = wu(h<t)%. Since always 1/w,(h<;) > 1, using

Lemma 6 we obtain (5) by

Pu(har) = Y nlx]z)Pelhna) = wiy (Mhat) = > &z, ha)H (b))

reX TEX

> B[S |2, her) — €CL20 had) [

Summing the expectation up yields (6). Using this together with (4) and the triangle

inequality \/ZEH_ !2 \/ZEH" §||2 + \/ZEHS uHQ, we conclude (7).

Finally, almost sure convergence follows from

1 = n—oo
P(EIth:st25> :P<tL>Jn{st25}> S;P(St26) Sg;Est — 0
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for each € > 0, with s, = E||E(|zt, het) — p(-| 2, h<t)||§. O

In particular, this theorem shows that the entropy of a model class, if it is initially
finite, necessarily remains finite almost surely. Moreover, it establishes almost sure
asymptotic consistency of prediction by stochastic model selection in our Bayesian
framework. However, it does not provide meaningful error bounds for all but very
small model classes, since the r.h.s. of the bound is exponential in the complexity,
hence possibly huge.

Before continuing to show better bounds, we demonstrate that the entropy is indeed
a lower bound for any successful potential function for stochastic model selection.
L in this way K ~ 1 and can be
made arbitrary small for large n € N. Fix a target entropy Hy € N and set K = 2"#o,

Example 8 Let the alphabet be binary. Let w, = 1—

Choose a model class that consists of the true distribution, always predicting %, and
K other distributions with the same prior weight 1/(nK). In this way, the entropy of
the model class is indeed close to Hylog2. Let the input set be Z = {1...nHy}, and
let v,(1|2) = b, where b, is the zth bit of ’s index b in binary representation. Then
it is not hard to see that on the input stream zi.,m, = 1,2,...nHy always p = &.
Moreover, at each time, F||= — pu||3 = 1/(4n). Therefore the cumulative error is Hy/4,
i.e. of order of the entropy. Note that this error, which can be chosen arbitrarily large,
is achievable for arbitrarily small complexity /.

In the proof of Theorem 7, we used only one “wasteful” inequality, namely 1/w,,(h<;) >
1. The following lemma will be our main tool for obtaining better bounds.

Lemma 9 (Predictive performance of stochastic model selection, main auxiliary re-
sult) Suppose that we have some function B(h<;), depending on the history, with the
following properties:

(i) B(h<t) > H(h<t) (dominates the entropy),
(1)  Eg,epn()z)B(h1:) < B(he) (decreases in expectation),
(1i1)  the value of B(h<) can be approximated arbitrarily close

by restricting to a finite model class.
Then, for any history and current input, the potential function defined by
Plhes) = [K(hr) +108(1 + H(hat))] (L + Blher))
satisfies

P(h<t) - EItNM('|Zt)7D(h11t) > H(h<t) - ECL‘t~§('|Zt,h<t)H(h1!t)' (8)

Proof. Because of (iii), we need to prove the lemma only for finite model class, the
countable case then follows by approximation. In this way we avoid dealing with a
Lagrangian on an infinite dimensional space below.
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Again we drop all dependencies on the history h.; and the current input z; from
the notation. Then observe that in the inequality chain

K +log(1+H) = > p(x)[K(z) +log(1 +H(5€))}11+TBJ(§)

> K+ log(1+7) = 3 <P (>(1) x f(Bg)) K@) +log(1 + H(x)]  (9)
>, w3, v(w) log £

= 1+ B =, 10

(9) follows from assumption (i), so that we only need to show (10) in order to complete
the proof. We will demonstrate an even stronger assertion:

>, w3, v(z) log g}

log(1+H) — > i [log(1 + H()) — log 4] > B

reEX

(11)

for any probability vector fi = (fiz)zex € [0, 1] with Y ji, = 1.

It is sufficient to prove (11) for all stationary points of the Lagrangian and all
boundary points. In order to cover all of the boundary, we allow ji, = 0 for all z
in some subset Xy C X (X, may be empty). Let X = X\ X, and define £(X) =
Yoewb(x), §(Ap) =1 — £(X), and g(:c) = &(2)/€(X). Then (11) follows from

S, w, ¥, v(a) log 42

f(p) =log(l+H)— Zﬂm V(z) —log g(x)) 1+ B 7 12
zeX
~ - . wyv(x) wy V()
where V(z) = log(1 - }_, £(x) log =5 )

We now identify the stationary points of the Lagrangian L£(ji, A) = f(ﬂ)—)\( > flp—
1). The derivative of £ w.r.t. all ji, vanishes only if

A= —V(z)+log g(z) for all = € X. (13)

This implies u(z) = £(x)e*V @ and, since the fi(x) sum up to one, 1 =e* 3, (z)eV @,
This can be reformulated as A = —log [ 3" &(z)eV(®]. Using this and (13), (12) is
rewrites as

See o Lex V(@) log 5

< log(1 14
1+ B < log(1+H)+A (14)
=log(1 =} wyloguw,) —log[1 =} _&(x) > 4 log “].
veC me)e veC

The arguments of both outer logarithms on the r.h.s. of (14) are at most 1 + B: For
the left one this holds by assumption (i), H < B, and for the right one also by (7)
because E, ¢ H(z) < H. Since for x <y < 1+ B we have log(y) —log(z) > £=, (14)

148>
Z w, Z z) log Z(i) < — Z w, Z z)logw,.

veC r€Xp velC r€Xy

follows from
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But this relation is true by Jensen’s inequality:

D3 wiF o <log (303 %EF =) <o

veC x€Xy veC z€Xy
since the w”(;(g;) sum up to one and always w”é’()x ) <1 holds. O

We now present a simple application of this result for finite model classes.

Theorem 10 (Predictive performance of stochastic model selection for finite model
class) Suppose that C consists of N € N models, one of them is . Let

Pr(hat) = [K(hat) +log(1 + H(hat))] (1 + log N).

Then Pp(het) — EgyouPr(hi) > H(her) = D cx §(x|2, hey)H(h1t) holds for any
history hy and current input z;, Consequently,

ZEH“ §||2 < PR = (1 +log N) [log(1 + H™) — log(w ‘mt)} (15)

Proof. Since the entropy of a class with N elements is at most log IV, this follows
directly from Lemma 9. a

4 Entropy potential and countable classes

We now generalize Theorem 10 to arbitrary countable model classes. First note that
there is one very convenient fact about the potential function proofs so far: (3), (5),
and (8) all are local assertions, i.e. for a single time instance and history. If the
local expected error is bounded by the expected potential decrease, then the desired
consequence on the cumulative error holds.

The entropy cannot be directly used as B in Lemma 9, since it may increase
under p-expectation. Intuitively, the problem is the following: There could be a false
model with a quite large weight, such that the entropy is kept “artificially” low. If
this false model is now refuted with high probability by the next observation, then
the entropy may (drastically) increase. An instance is constructed in the following
example. Afterwards, we define the entropy potential, which does not suffer from this
problem.

Example 11 Fix binary alphabet and let € and Z be model class and input space
of Example 8. Let C = C U {Vioar}, Z = ZU {0}, Wi = 1 — %, and the rest of the
prior of mass % be distributed to the other models as in Example 8. Also the true
distribution remains the same one. If the input sequence is 21,41 = 0,1,...nHy,
and Vgo1(1/0) = 0 while v(1]0) = 1 for all other v, then like before the cumulative
error is (even more than) Hy/4, while the entropy can be made arbitrarily small for
large m.
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Definition 12 (Entropy potential) Let H((wy)yec) = — Y, w,logw, be the entropy
function. The p-entropy potential (or short entropy potential) of a model class C
containing the true distribution p is

I((w,)vee) = sup {H((s=2222),) s p, = LAp, € 0,1 v € C\ {u}}.  (16)

Here, the supremum is taken over all possible assignments of the multiplying proba-
bilities p, € [0,1], where p,, = 1.

Clearly, IT > H. According to Theorem 7, II is necessarily finite if H is finite, so
the supremum can be replaced by a maximum. Note that the entropy potential is
finitely approximable in the sense of (7ii) in Lemma 9.

Proposition 13 (Characterization of II) For S C C, let w(S) = >, cqw,. There is
exactly one subset A C C with u € A, such that

—logw, > L(A) = =) sloguw, <= veA\{u} (17)
v'eA
We call A the set of active models (in I1). Then, with logp, = L(A) — logw, for
veC\S, logp, =0 forve A\ {u}, and k = |C\ A|, we have
I = H(<wV)VEC) = H(<M)V€C)

Do WP

= log (k + w(A)eL(A)). (18)

Moreover, this is scaling invariant in the weights, i.e. (17) yields the correct active
set and (18) gives the correct value for weights that are not normalized, if these un-
normalized weights are also used for computing w(A) and L(A).

Proof. We first argue that the maximum of (16) cannot be attained if some p, = 0.
To this aim, let p € [0,1]/! be the multiplying probabilities, assume p, = 0, and set

H= H((%)V). Now assume p, > 0 and observe that

H((%)V) = —p,w, log(p,w,) + (1 — p,w,) [ —log(1 — p,w,) + H}

q

v

holds if —log(p,w,) > H. This can be realized for small enough p, > 0, hence the
maximum of (16) cannot be attained for p, = 0.

Therefore, for a maximum of (16), we need that for each v € C\ {u}, either p, =1
or, with w?(C) =Y w,p, and LP(C) = —wp#(c) >, wup, log(w,p,),

(s ) _w,
dp, wr(C)

0= [ = log(w,p,) — L7(C)] (19)

Those v satisfying the latter condition have log p, = —L(C)—logw, and hence L(C) =
L(C\ {v}). Therefore, each possible maximum of (16) corresponds to a subset A C C
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of active models, such that u € A and furthermore p, = 1 for v € A and logp, =
—L(A) —logw, for v ¢ A. Since only logp, <0 is feasible, for v ¢ A we necessarily
have —logw, < L(fl) Subsets A that satisfy this latter condition are called feasible.

Assume that we have a feasible subset A, then for all v ¢ A, the complexity w,
equals the average complexity of all v € A. Hence

Wy Py — _ Wy Wy _ A A fL(A)
H((—Zyr o )V) Z o) log Y L(A) + log (w(A) + ke )

veA

=log (k + w(fl)eL(A)),

which proves (18) for any such A. Observe that our A defined in the assertion is the
smallest feasible subset and therefore unique. So we only have to make sure no larger
subset can result in a larger entropy.

To this aim, take any feasible subset A € C. We assume that there is v, € A\ {u}
such that —logw,, < L(A). We need to show that then the entropy increases if we
take out v;. But in this case, the derivative, computed as the r.h.s. of (19), is non-
positive at p,, = 1. Thus we may increase the entropy by decreasing p,, until the

derivative vanishes. Repeating this step for all v with the property —logw, < L(A),
we conclude that the smallest feasible subset A gives the maximum entropy.

Finally, scaling invariance of the set (17) and the value (18) w.r.t. the weights is
easy to see. O

The following result states that the the entropy potential decreases in expectation.
This will allow us to obtain the desired bound with Lemma 9.

Theorem 14 For any history h-; and current input z,

> @iz (b)) < T(hey).

T EX

Proof. We need to show the assertion only for finite model class: Once this is
established, the general case follows by approximation.

Again, we drop the dependence on the history and the current input from the
notation. We will show a slightly more general assertion: For any subset of the
alphabet X C X, and any choice of probability vectors v(z) for all v € C we have

> @) < w(@ON([wm(D)],o.). (20)

where v(X) = Y~ ¢ v(7) is the total v-probability of the subset X. We prove (20)
by induction over the subset size |X|. For |X'| = 1, there is nothing to show. If (20)
holds for X, then for X' = X U {z},

> pl@)(@) < p(D)([w, (&), ) + ple)() < (X [w, ()]

zeX!
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implies the assertion. It remains to show (k).

Now let @, = w,v(X') and p, = v(z)/v(X’) for all v € C, and set i = Pu- Then
(%) is equivalent to

(1 — ﬂ)H([wy(l - pu)]VGC) + ﬂH([wupu]VGC) S H([wu]VEC)a (21)

where for all v € C their values p, range in p, € [0,1]. Thus we have reduced the
original assertion to binary alphabet.

In order to prove (21), it is sufficient to show that the maximum of the Lh.s. is
attained if p, = i holds for all v € C. We first argue that the maximum can be
only attained if in all three sets of weights, [@,],, [W,(1 — p,)],, and [W,p,],, the
same models are active (see Proposition 13). Denote the respective sets of active
models by A, A%, A'. Recall that the constructions in Proposition 13 do not require
the weights to sum up to one, and define the quantities w'(A') = Y _,: w,p, and
LY(AY) = =3, can gridty log(wyp,) and IT! = log (IC\ A + @' (AYe D), and in
the same way, the quantities w°(A°), L°(A°), and T1°.

For active v € A° or v € A!, respectively, the respective derivatives of II° and IT!
are computed as

dIT° U,

o _%QLO(AO)( — log[w, (1 —p,)] — L°(A°)) < 0 for v € A°\ {u} and
drt Dy

- %eLl(Al)( — log[w,p,] — L'(A")) > 0 for v € A"\ {u},

where le > 0 follows from ( — log[w,p,] — L'(A')) > 0 for v € A’ (and analogously
Pv
for I1°). For inactive v ¢ A or v ¢ Al respectively, the respective derivatives vanish.

Consider now a model v ¢ A which is inactive in II. If we choose p, = pu, then it is
inactive in both IT° and IT, i.e. both v ¢ A% and v ¢ A" hold. If we decrease p, until it
becomes active in II*, then, because of ZTT > 0 and i%o = 0, the term (1 — p)T1° + I
decreases. The same happens if we increase p, until it becomes active in II°. Hence
the maximum of (1 — )II° + gIT* can be attained only if the inactive weights in IT
remain inactive in both I1° and IT!, and we may set p, = fi for all these v ¢ A.

Next, we claim that for a model v € A\ {u}, which is active in II, the maximum
of (1 — @)II° + AII! can be only attained if v remains active in both I1° and II'. To
show this, we only need to argue that, regardless of the configuration of the other p,,

' #v),
there is an assignment p, € [0, 1] such that both v € A” and v € A* (22)

holds. If we then increase p, until (possibly) v ¢ A', then we have that (1— )1+ aIT!
must decrease, since its derivative is smaller than zero.

We have that each p, in the interval [°! := (1— w%e_LO(AO), u.}%e_Ll(Al)) also satisfies

(22). In order to show that I°' is non-empty, we first argue that I°* > I := (1 —
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u%e_LO(A), lT}%e_Ll(A)), which is then proven to be non-empty. Since we know that v is
active in II and therefore @, < e~ %4),
1 1 —L°(A —LY(A —L(A
— + T =T LB > =LA 23
Za i sty (At e (23)

implies that [ is not empty. We will verify (23) below.

I C I° holds by the following argument. Assume that for some v/ € A, p,

is so small that v/ ¢ A°. Varying p, in the range [0,u] where v/ ¢ A° does not

e_LO(A ) Ll(Al)

change the left constraint 1 — , while the right constraint —e is

minimal at both boundaries p,, = O and p,» = u. This can be seen by con&dermg the
1 1

derivative dep(:} ) — wf&l [— log(w,p,) — L*(A') — 1], which is +o0 at p,, = 0 and

steadily decreases until — =4 (L'(AY) 4+ 1) at p,, = u. Note that for both boundary

points 0 and u, the value of L'(A!) coincides. Thus we can set p,, = u, making

the interval I°! smaller. Letting A = A°U {»/} and A' = A' U {¢/}, we then have
= (1- L o—LO(A%) %e‘Ll(Al)).

A symmetric argument holds for the case that
V' ¢ Al. In this way, we can subsequently treat all v/ € A\ (A° N A'), constantly
decreasing 1!, until we arrive at I.

Wy (1—pv) ~ wy pv 1
24 O(A) log (a- Pl') < w(A) and eZA wl(A) log 3 <

Now in order to show (23), observe that e F0(A) <

w1 by Jensen’s inequality, so (23) follows from

W0(A) Ca P losdy | ' (A) Sa st lom iy o 30, Bk log
me (4) + G(A) (& (4) Z e (4) .

Applying Jensen’s inequality again to the L.h.s. verifies this. Altogether we have shown
so far that the maximum of (1 — )TI° + aIT' can be only attained if A = A° = A

Finally, we can turn to proving (21), by showing that the maximum of (1 — 2)I1° +
AITt is attained if p, = f for all v € C. Since we know already that we may set
p, = [i for v ¢ A in order to attain the maximum, we can just ignore these models
and assume without loss of generality that A = C. Then the derivatives of II° and II!

d11® D, ) o

dp, - _wO(A) ( — log[w, (1 —py)] — L*(A )) and
d1T b, i o

dpy - wl(A) ( - 10g[w1/pu] — L (A ))’

respectively. A possible maximum has (1 — ,u)d—H0 + ,ufll; = 0 for all v # pu, which
occurs in case that p, = i for all v € C. This is in fact a global maximum if we can
show the Hessian is globally negative semi-definite. It is sufficient to show that both
Hessians of II° and II' are negative semi-definite: We identify the model class with
an index set C = A = {0,1,..., N} and assign the true distribution to the index 0.
Then, abbreviating D; = log(w;p;) — L*(A) and using the characteristic function 1,_;
which is one if i = j and zero otherwise, the Hessian of IT! is computed as

N

ij=1

4?11 1 -
_ . 2 (4)
= ——— i, (L, 24 4 D, D~—1]
{dpidpj}” o wi(A) [ww]( i+ Dt D= )
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This Hessian is negative semi-definite by Lemma 15 below, and so is the Hessian of
I1°. This concludes the proof. O

Lemma 15 Let N > 1 and w; > 0 for 0 < i < N (the w; need not sum up to one).
Let W = Zﬁio w; and assume that —logw; > L := —Zf\io%logwi holds for all
1 < j < N. Then, for all vectors u € RY, we have that

N
i= W
Z Uil P uj

i.j=1 ‘

—logwi—L—logwj—L—l} > 0. (24)

Proof. We proceed by induction over N. For N = 1, the assertion is immediate.
Now, for N, observe that the derivative of the Lh.s. of (24) w.r.t. wo,

Z u; 2( D in UZ) [

1+ L+1 ]
> 0, W + L + logwy]|,

is positive, since —logwy — L < 0. Thus we may decrease the Lh.s. of (24) by
decreasing wy, until eventually —logwy = L holds for one k € {1...N}. Set D; =
—logw; — L and W =W — wy. Then

Zuu] { + D; + D; —1} > uu []lisz

Py i je {1 NP\ {k} '
W; 9

. {_ —2(1 — D)usug + %uf] . (25)

. Wi w;
ie{l..N}\{k}

+Di+Dj—1]

Since for all u,v € R and ¢ < 1 we have u? — 2cuv + v* > 0, the term (25) is
nonnegative. Thus the assertion follows from the induction hypothesis. a

Now we can prove the main result of this paper.

Theorem 16 (Predictive performance of stochastic model selection) For countable
model class C containing the true distribution p, define the potential as

P(het) = [K(hat) + log(1 + H(hey))] (1 + I(hey)).
Then, for any history h; and current input z,
P(h<t> - E:vzwu(-\zt)P<h1:t) 2 H(h<t) - Extwg(-|zt’g<t)H(h1;t); and thus

ZE”E o fH; S Pinit — (1 + Hinit) [lOg(l + Hinit) log( 1n1t)} (26)

Proof. Using Theorem 14, this follows directly from Lemma 9. a

Theorem 16 implies performance guarantees for arbitrary bounded loss functions.
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Corollary 17 For each input z, let ((-,-|z) : (T,z) — £(Z,z|z) € [0,1] be a loss
function known to the learner, depending on the true outcome x and the prediction
Z (¢ may also depend on the time, but we don’t complicate notation by making this
explicit). Let (2 be the cumulative loss of a predictor knowing the true distribution
i, where the predictions are made in a Bayes optimal way (i.e. choosing the prediction
argming B, 0(Z, z|z) for current input z), and (= be the corresponding quantity
for the stochastic model selection learner. Then the loss of the learner is bounded by

EE_ < B +2C 4 2\/2CE"

where C' = (\/(1 + IT0it) [ log(1 4 H™it) 4 Cinit] 4 \/W)2

Proof sketch. First, we have to prove Theorem 16 for the Hellinger distance instead
of the quadratic distance, arriving at y .-, E||\/§ — \/ﬁHz < C. This is straightfor-
ward, since Lemma 4 and Lemma 6 also hold for the Hellinger distance. Then, the
result follows from [PHO05, Lemma 24-26] with one additional application of Jensen’s
inequality. O

Similar and even slightly stronger loss bounds hold for different stochastic model
selection algorithms derived from prediction with expert advice, e.g. the Hedge algo-
rithm [FS97] for finite model class or FPL [HPO05] for countable class. The expert
proof techniques do not even require g € C, but work without any assumption on
the data generating process. The experts posterior, according to which is sampled,
is not Bayesian, but specifically designed in order to minimize loss. However, these
algorithms do not give estimates for the true probabilities u, and consequently no
consistency in this sense can be proved. We expect that Bayesian algorithms are su-
perior to expert algorithms in cases where probability estimates can be obtained and
are beneficial.

5 The magnitude of the entropy potential

In this section, we will partially answer the question how large the newly defined
quantity, the entropy potential, can grow. We start with a general bound.

Proposition 18 The p-entropy potential is always bounded by 11 < H/w,. There
are cases where this bound is sharp up to a factor.

Proof. With A denoting the active set, we have that H > —>" _, w,logw, =

w(A)L(A) > w,L(A) > w,Il. In order to see that this bound is sharp in general,

consider the model class C = {u, v*, vy ... vy}, where w,« > %, w, = 3(1 —w,~), and

Wy, = ... =wyy = 5x(1—wy+). ThenII > log2+ 3 log N, but H = H(wy+, 1 —w,+)+
2w, (log2 + 3log N). Thus, IT > tw, (K — H(w,~,1 — w,~)) holds in this case. O
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Proposition 18 gives a worst-case bound which is of course not satisfactory: Using
it in Theorem 16, the resulting bound becomes no better than that of Theorem 7.
Fortunately, in most cases, the entropy potential behaves well and is much smaller.
For finite model classes, it is clearly at most the logarithm of the size of the class.
We present two different infinite model classes in the following, one where the weights
decay rapidly, and one where they decay slowly.

Example 19 Consider a model class with rapidly decaying weights (27);>1, and
suppose that the true model has index k. Then it has complexity klog2. Moreover,

since Y 00, £%2 = (k+1)log2, in the computation of II, all models i > k are active,
and consequently IT = log(k + 3) = O(K). In contrast, the entropy of the model class
is 2log 2.

Example 20 Consider a model class with slowly decaying weights (#)121, and let
the true model have index k, i.e. complexity log %. In order to estimate II this

time, we have to find a sufficiently large index j such that log ’%Q > [k% log ’“QgQ +

> log ng 2} /lzz+32;" ). Substituting the sums by appropriate integrals, we make
the r.h.s. larger and look for a j such that

(j_16)2772 + 2

2 [L ] . k272 . log

log &+ 1 > Llog : T

S

This is satisfied for j — 1 = k2, as an elementary computation verifies. Consequently,
the active set consists of at most k? models, and II < log (k* + O(k?*logk*)) =
O(log(k)) = O(K). The entropy of the model class is O(1).

In both of the above examples, we have that II = O(K) = O(—logw,,). We believe
that this is the typical behavior of the entropy potential, in contrast to Proposition
18. It remains open to precisely characterize those well-behaved cases:

Problem 21 Characterize those weight distributions satisfying 11 = O(K).

Finally, our bounds are infinite with the usual definition of a universal model class.
But with a slight modification of the prior, they become finite. Hence we can obtain
a universal induction result for stochastic model selection:

Example 22 Consider a model class C corresponding to the set of programs on a
universal Turing machine. For v € C, let w, ~ 27K /K (v)? where K denotes
the prefix Kolmogorov complexity — it is shown e.g. in [LV97] how to obtain such
a construction. Then H = O(1), and Theorem 16 implies consistency of universal
stochastic model selection with this prior and normalization. If we would have chosen
the usual “canonical” weights w, ~ 275®) then H = Y K(v)275®) = oo, since K
is the smallest possible code length to satisfy the Kraft inequality, and any smaller
code length must necessarily result in an infinite sum. Hence the bound for universal
stochastic model selection is infinite with the usual prior.
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6 Discussion and conclusions

We have shown that the cumulative quadratic error of Bayesian stochastic model
selection in countable model classes is finitely bounded if the entropy is so. This
corresponds to results for Bayes mixture and MDL learners (which however have no
entropy in their bounds). Unlike the MDL bound [PHO05], our bound obtained here
is usually not exponential in the complexity of the true distribution (but can be so
in bad cases). Our results imply strong consistency (almost sure convergence) of the
stochastic model selection learner, and moreover loss bounds for arbitrary bounded
loss functions. According to Examples 1, 8, and 11, our cumulative error bound (26),
which is of order K - I1, is essentially sharp in the sense that both ingredients K and
IT are necessary. We don’t know if the bound needs to be the product K -II, or if the
smaller sum C + II is also possible.

There is hope that the entropy potential introduced in this work has other applica-
tions in learning and information theory. It remains open to study this quantity more
thoroughly and characterize the weight distributions where it behaves well (Problem
21). Moreover, this paper show new ways to evaluate the state of learning in a discrete
model class. The general potential P from Theorem 16 always strictly decreases in
expectation unless all models predict the same (so it does not share the undesirable
property of K discussed in Example 5). A couple of interesting questions remain open,
such as defining a good potential function for active learning.
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