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Illlproved Para1lo1 0omapRltatioms in the ming z伊 ・)

By T比 o竹9as ZcetO?拘090%

■ひsけ夕・acけ : It■lprovod parallel a130rithl■ ns cola■puting the inverse or a large poM′ er modulo
an elelnent thEbも 1las only small prin■ e factOrs are presented.

1. Introduction

7ヽithin the l働st years parallel a130rithllls have attractecl llluch ttttention of Oomputer

scientists(cft e.g.[4],[7]). Thereby it has been shown that, overa usillg a Feasible
aFllollnt of hard、 vare,1■any problolns can be so17ed Substiantially faster in lDarallel
tha14L by a sequential algorithm (cFt e.g・ [8]).IIOヽマeVer,despite the enOrmous progrcss
mado 、vithin the last decttde some problems seem tO be vory hERrd parallelizablo.
Among thelm we find the f0110wing prObloms ooncerning parallel oomputations OVer
the inteゃrsi

(1)GCD:LOt%_bit intogers働 ,b be given,COmptlte the greatest oom1lon divisOr of
a ancl b,

(2)INV:Let物 _bit integers働)物 be givent Colnpute the inverse″ of a modt110,93,i.e.,
oomputo the number″ satisFying α筋三 l mOdtt iど it exists,otherwise return
failure.
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lt is altL OpOn questio■ 、マheもher or nOt GCD,INV,and POヽ V are i13 NO,ite.,科 ′hether
they can be solvod siIIlultaneously in polylog tilne using only polynolYlially ma■ y
processOrst

ln a beautiful paptt υ.z.θ aけあc物 ([5])has
oontained in NC prOvided the modulus 物
何ぢ≦ 物的rづ =1,… ル t

ln the presont paper 、ve
and POヽ7, again llndOr the
factOrs.

The used ttodel oF parallel oOmputation is that of unifOr■ l fal■1lies of B001ean
circ■lits(Cf`[2]).Please note that we have to distinguish between 10g"space uniforlaaity
and polynomial time uniformity (abbr.P_unittrmity)wheneVer divisiolll is in_
volved.

Thus wO dOnote by div(物 )the aコaOunt of parallel tiコ ne needed tO divide twO%_bit
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1)EXtended verslolrL Of a lecture presented at the Col10quitun ol■
 001rLflputatiOl■  Theory

(CCモP'88),Berlin,cfDR,SOptember 5-9,1988.
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pointcd out that INV and POヽ V are bOth
is of the fOrm?物 =p筈 14●●P伊 ,Where pf,

shall describe il■ proved a130rithlns cOmputin5°  IN吊/

assul■ ptiO■ thaも the modulus has only small prilne



544                                                        21ん .Zθ句′?92 rr P9y拘

2. Oomputillg tllo illvorso l1lodl1lo a llul■ bor何ん
llavillg olBIy small pril■ o fttctors

Utti13g Ci3ineSe remaindering 、アe can restrict ollrselves to excILlsively considor tho
case,れ =ptt Where P,伊 ≦ ク|(?み iS the number of bits).The Classical algorithm com_
puting the inverse is mainly basecl on Ellclidうs algoritllllrl. ThLls iも 、マOrkS extremely
secl■lential.Exploiting the special properties of mod■ lli hぁving only ttmall p]rittc factOrs,

υ ″.rJlaけんc?o([5])has been i工 troduced the Following iteration techniclue:

(i)COIIlpute αO such that a″。=l modP
(ii)COllaputo何・

:=(″,一 (伊?_la_何ぢ_1))nt10d P2'forガ =ユク… )「 log伊 ]
Theroby the firsも step can be perfOrl■ ed oven by exhaustive search since p≦ 物.
Ho、vever at t13is point、 ve ll■ake the observation that cluite a fe、v is done in parallel.

Conseil■ lelrltly、 ve askヽ〃hether or not、マe Can do something more in parallel.A c10sel,
loOk to thc above itcration technique leads to tho folloH′ ing observationi lf tt is

the inverse of a IIlodulo pθ  then per:brming one iteratio■ step(1・e.,computing
何
′
=何 一 (何2a一 何)mOd p2夕)augmOnts tho expo■ cnt only by tho iFactor 2 Henco we
cRre ilaterestod i]ュ a■lglllel■ ting the ex13onOnt solnehow′ faster,thereby doing nioro atld

moコlo in parallel,o.g.oolllputing

α
′
=4何 +4の 2何3_6a印2_ぁ 3伊4 mOd P4θ .

The latter iteration can bo performed in parallol using the same tilllc as the clbove Ono.

01■ tho otller hand,the nuniber ofiteration stepsis reduced to the half.N9vertheless,in

ol,der to ac13ieve a stlbstantially boも ter reslllも 、、ァc have to allgmcnt tho oxpo13ont flolll

ct。 22 per itoraも ioJrL.
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Proofo We llave tO sLow that p22 divides αが -1.Computins(a″
′
-1)mOd 29夕
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、vc get:
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―t量働い伊りmdプ
=― (a。 一 lY mOdp。

2=0

dnCOダ |(a"一 ])direCtly implies thatダ
2/(a伊 ~1)4□
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Exploも ing the abOve leHllna one directly obtains a po、 verful iteratiOn technique
COlllp■lting the ittverse.

TheOrem 2,あ 冴a beの ?o,o,b材 %物夕,あ eダ ,a?ぅ冴Jtt P,a≦ 22/.
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あ
Proo二 Vヽe use the F0110、 ving a13orithln:

(I)COmpute″Oc(1,… ,P-1)Such that a″ 0≡ L mOdP

(il)COmpute"lc(1,… ,p2_1}by何1=(2″0-働″3)ll10d P2
(iii)COmpute

駒 =(2ガ
~2物_1+屯

郵

2(2祈2)aメた2_卜
物だT2_ズ _ェッ+'mOd pメ

た1

forガ =2,… ,「 10glog al

(iv)Let 3=「 10glog a].Return″7 mod P'.

The correctness of this ぁigorithlltl is an iltllinediate 00nsequencO OF LcIH■ a l. In
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small prilne f働 0も ors is l■ ore cOlmplex than

3. IInprOvOd PowOring

set ofもhe fo110wing inieCtiVe group hOmOI

ダ〉→ ″″α
~l mod Pα

.
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(1)S。 =″

(ii)S,=Sぢ _1+(s桜ゴ ー 1)(1+p十 …十p″‐)報五幼
2 111od P″

fOrづ =1,… ,「10g a].
36中
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WVhat we like tO present here is an ilIIprovement Of the above technique lvllich
oonsiderably rOduces the sizO Of the circuit.

Algorithm I10MOMORPHI剛

Inpuも :Let P,a,″ be numbers satisFying″ (Z″α,P,α ≦物.   ,
Output:The number s c Z″ "Fulfilling s=″

い 1沖
Od Pα

RIethOd:

(i)SO=γ

(ii)FOrげ =1七o2主「10g"l dO

S,=軌 _1+(S館 -1)(1+p十 …十p2'-1)助 _l mOd P21.
Return sι mlod P".
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Proof.Pirst of all we■ ote that card(Z″ ")=(29-1)pα -1,Hence,if s茎 2・

pい 1

1nod Pα then

s≡
=″
mod P,and

Sク
~ユ 真 l lXlod P″ .
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S群
…1=(S2+(S裸…1-1)(1+p十

...十 P2'+1)s,)2-l modpメ

華評丁リギげ
‐―めいP十‥だ均selP―いυ

≡ ((p-1)S桜
~2(sf_1-1)(1+p十

… 十 p2ぢ
+1_1)s,十

S伊
~1)mOdp2f+1,

since by tho assuIYIption Pメ divides(s桜
~1-1),and 00nsOquently p2'+1(ギ _1-1)り

fOr
everyり ≧ 2.

Considerillg the latter terln、、アo obtaini

―(1-夕 )(S夕
~l-1)(1+P十

…十p2'+1-1)s,s伊
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~・

)2_2ギ
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(-1)(S争
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=l mod P2'+1)
since by assuIIption Ptt di↓ ides(ギ

~1-1).Thusクダ+11(s字 ~1-1)2.□
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