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(Abstract) In this paper, we propose a method
for discovering hidden information from large-scale
item set data based on the symmetry of items.
Symmetry is a fundamental concept in the theory
of Boolean functions, and there have been devel-
oped fast symmetry checking methods based on
BDDs (Binary Decision Diagrams). Here we dis-
cuss the property of symmetric items in data min-
ing problems, and describe an efficient algorithm
based on ZBDDs (Zero-suppressed BDDs). The
experimental results show that our ZBDD-based
symmetry checking method is efficiently applicable
to the practical size of benchmark databases.

1 Introduction

Frequent item set mining is one of the fundamental
techniques for knowledge discovery. Since the in-
troduction by Agrawal et al.[1], the frequent item
set mining and association rule analysis have been
received much attentions from many researchers,
and a number of papers have been published about
the new algorithms or improvements for solving
such mining problems[3].

After generating frequent item set data, we
sometimes faced with the problem that the results
of item sets are too large and complicated to re-
trieve useful information. Therefore, it is impor-
tant for practical data mining to extract the key
structures from the item set data. Closed/maximal
item set mining[10] is one of the useful method to
find important item sets. Disjoint decomposition of
item set data[8] is another powerful method for ex-
tracting hidden structures from frequent item sets.

In this paper, we propose one more interesting
method for finding hidden structure from large-
scale item set data. Our method is based on the
symmetry of items. It means that the exchange of
a pair of symmetric items has completely no effect
for the database information. This is a very strict
property and it will be a useful association rule for
the database analysis.

The symmetry of variables is a fundamental con-
cept in the theory of Boolean functions, and the
method of symmetry checking has been studied for
long time in VLSI logic design area. There are
some state-of-the-art algorithms[9, 5] using BDDs
(Binary Decision Diagrams)[2] to solve such a prob-
lem. The BDD-based techniques can be applied to
data mining area. Recently, we found that ZB-
DDs (Zero-suppressed BDDs)[6] are very suitable
for representing large-scale item set data used in
transaction database analysis[7].

In this paper, we discuss the property of sym-
metric items in transaction database, and then
present an efficient algorithm to find all symmetric
item sets using ZBDDs. We also show some exper-
imental results for conventional benchmark data.
Our method will be useful for extracting hidden
information from a given database.

The paper is organized as follows: First, we
review the concept for symmetric variables for
Boolean functions in Section 2. In Section 3, we
discuss the property of symmetric items in data
mining, and describe the algorithm for finding sym-
metric item sets. We then show the experimental
results in section 4, followed by conclusion.

1



2 Shin-ichi Minato

2 Symmetry of variables in

Boolean functions

The symmetry is a fundamental concept in the the-
ory of Boolean functions. A symmetric Boolean
function means that any exchange of input vari-
ables has no effect for the output value. In other
words, the output value is decided only by the to-
tal number of true assignments in the n-input vari-
ables. The parity check functions and threshold
functions are typical examples of symmetric func-
tions.

When the function is not completely symmet-
ric, we sometimes find partial groups of symmetric
variables. If a pair of variables are exchangeable
without any output change, we call them symmet-
ric variables in the function. An obvious property
holds that if the pairs (a, b) and (a, c) are both
symmetric, then any pair of (a, b, c) is symmetric.

As finding symmetric variables leads to compact
logic circuits, it has been studied for long time in
VLSI logic design area. In order to check the sym-
metry of the two variables v1 and v2 in the function
F , we first extract four sub-functions: F00, F01, F10,

and F11 by assigning all combinations of constant
values 0/1 into v1 and v2, and then compare of F01

and F10. If the two are equivalent, we can see the
two variables are symmetric. In principle, we need
n(n− 1)/2 times of symmetry checks for all possi-
ble variable pairs. There have been proposed some
state-of-the-art algorithms[9, 5] using BDDs (Bi-
nary Decision Diagrams)[2] to solve such a problem
efficiently.

3 Symmetric item sets in trans-
action databases

3.1 Combinatorial item sets and
Boolean functions

A combinatorial item set consists of the elements
each of which is a combination of a number of
items. There are 2n combinations chosen from n

items, so we have 22n
variations of combinatorial

item sets. For example, for a domain of five items

Figure 1: A Boolean function and a combinatorial
item set.

Figure 2: An example of ZBDD.

a, b, c, d, and e, we can show examples of combina-
torial item sets as:
{ab, e}, {abc, cde, bd, acde, e}, {1, cd}, 0. Here “1”
denotes a combination of null items, and 0 means
an empty set. Combinatorial item sets are one of
the basic data structure for various problems in
computer science, including data mining.

A combinatorial item set can be mapped into
Boolean space of n input variables. For exam-
ple, Fig. 1 shows a truth table of Boolean func-
tion: F = (abc) ∨ (bc), but also represents a com-
binatorial item set S = {ab, ac, c}. Using BDDs
for the corresponding Boolean functions, we can
implicitly represent and manipulate combinatorial
item set. In addition, we can enjoy more effi-
cient manipulation using “Zero-suppressed BDDs”
(ZBDD)[6], which are special type of BDDs opti-
mized for handling combinatorial item sets. An
example of ZBDD is shown in Fig. 2.

The detailed techniques of ZBDD manipulation
are described in the articles[6]. A typical ZBDD
package supports cofactoring operations to traverse
0-edge or 1-edge, and binary operations between
two combinatorial item sets, such as union, inter-
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section, and difference. The computation time for
each operation is almost linear to the number of
ZBDD nodes related to the operation.

3.2 Symmetric Items in combinatorial
item sets

Here we discuss the symmetry of items in a
combinatorial item set. For example we con-
sider the following combinatorial item set: S =
{abc, acd, ad, bcd, bd, c, cd}. In this case, the item
a and b are symmetric but the other pairs of vari-
ables are not symmetric. The symmetry can be
confirmed as follows. First we classify the combi-
nations into four categories: (1) both a and b in-
cluded, (2) only a is included, (3) only b is included,
and (4) neither included. Namely, it can be writ-
ten as: S = abS11 ∪ aS10 ∪ bS01 ∪ S00. Then, we
can determine the symmetry of a and b by compar-
ing S10 and S01. If the two subsets are equivalent,
a and b are exchangeable. For the above exam-
ple, S11 = {c}, S10 = {cd, d}, S01 = {cd, d}, and
S00 = {c, cd}. We can see a and b are symmetric
as S10 = S01.

Even if we do not know the actual meaning of
the item a and b in the original database, we can
expect that a and b would have somehow strong
relationship if the symmetric property holds. It is
a kind of hidden information. It would be a useful
and interesting task to find all possible symmetric
item sets from the given databases. This method
can be used not only for original database but also
for frequent item set data to find some relationships
between the items.

3.3 ZBDD-based algorithm for finding
symmetric item sets

As shown in article[7], the ZBDD-based data struc-
ture is quite effective (exponentially in extreme
cases) for handling transaction databases, espe-
cially when the item sets include many similar par-
tial combinations. Now we show an efficient al-
gorithm of finding symmetric item sets based on
ZBDD operations.

First we explain the cofactor operation on ZB-
DDs. Cofactor(S, v) classifies a combinatorial item

set S into the two subsets, one of which includes
the item v and the other does not. Namely, it ex-
tracts S1 and S0 such that S = vS1∪S0. If the item
v is the top (highest ordered) item in the ZBDD,
then S1 and S0 are the two sub-graphs pointed by
1-edge and 0-edge of the top decision node, and
the cofactor operation can be done in a constant
time. Therefore, if the item v1 and v2 are the first
and second top items in the ZBDD, the symmetry
checking is quite easy because S10 (subset with v1

but not v2) and S01 (subset with v2 but not v1) can
be extracted and compared in a constant time.

When v1 and v2 are not in the highest oreder in
the ZBDD, we may use recursive expansion for the
symmetry checking. We get the top item t in the
ZBDD S, and extract S1 and S0 as the cofactors
of S by t. We then recursively check the symmetry
of (v1, v2) for each subset S1 and S0, and if they
are symmetric for the both, we can see they are
symmetric for S.

This procedure may require an exponential
number of recursive calls in terms of the number
of items higher than v1, v2 in the ZBDD, however,
we do not have to execute the procedure twice for
the same ZBDD node because the results will be
the same. Therefore, the number of recursive calls
is bounded by the ZBDD size, by using a hash-
based cache to save the result of procedure for each
ZBDD node. In addition, if we found the two items
are asymmetric either for S1 or S0, we may imme-
diately quit the procedure and conclude they are
asymmetric for S. The detailed algorithm is shown
with a pseudo code in Fig. 3. Repeating this pro-
cedure for all item pairs in S, we can extract all
possible symmetric item sets. The total computa-
tion time is O(n2|G|), where n is number of items
and |G| is the ZBDD size for S. The time will be
shorter in practice, when the most of item pairs are
asymmetric, and/or the hash-based cache hits very
well in repeating the procedure.

4 Experimental Results

We implemented our symmetric checking algo-
rithm. The program is based on our own ZBDD
package, and additional 70 lines of C++ code for
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SymChk(S, v1, v2) /* Assume v1 higher than v2 in the ZBDD ordering.*/
{

if (S = 0 or S = 1) return 1 ;
r ← Cache(S, v1, v2) ;
if (r exists) return r ;
t1 ← S.top ; /* Top item in S */
if (t1 higher than v1)

(S1, S0)← (Cofactors of S by t1) ;
r ← SymChk(S1, v1, v2) && SymChk(S0, v1, v2) ;

else
(S1, S0)← (Cofactors of S by v1) ;
t2 ← Max(S1.top, S0.top) ; /* Top item in S1, S0 */
if (t2 higher than v2)

(S11, S10)← (Cofactors of S1 by t2) ;
(S01, S00)← (Cofactors of S0 by t2) ;
r ← SymChk((t2S11 ∪ S10), t2, v2) && SymChk((t2S01 ∪ S00), t2, v2) ;

else
(S11, S10)← (Cofactors of S1 by v2) ;
(S01, S00)← (Cofactors of S0 by v2) ;
r ← (S10 = S01)? 1 : 0 ;

endif
endif
Cache(S, v1, v2) ← r ;
return r ;

}
Figure 3: Sketch of the symmetry checking algorithm.

Table 1: Experimental result
Data name #Item #Record #Tuple ZBDD Time(sec) for Sym. Time(sec)

nodes ZBDD gen. pairs for sym.chk.
mushroom 119 8,124 8,124 8,006 1.1 19 0.6
T10I4D100K 870 100,000 89,135 547,777 59.2 0 61.7
pumsb 2,113 49,046 48,474 1,749,775 166.7 90 1,152.0
BMS-Web-View-1 497 59,602 18,473 42,629 24.9 6 30.2
accidents 468 340,183 339,898 3,876,468 127.5 11 18.0

the symmetry checking algorithm. We used a
Pentium-4 PC, 800MHz, 1GB of main memory,
with SuSE Linux 9. We can manipulate up to
20,000,000 nodes of ZBDDs in this PC.

For evaluating the performance, we applied our
method to the practical databases chosen from
FIMI2003 benchmark set[4]. We first constructed
a ZBDD for the set of all tuples in the database,
and then apply our symmetry checking algorithm
for the ZBDD. The results are shown in Table 1.
“Sym. pairs” shows the number of symmetric pairs
we found. Our result demonstrates that we suc-
ceeded in extracting all symmetric item sets for a
practical size of databases within a feasible compu-
tation time. We can see that no symmetric pairs

are found in “T10I4D100K.” It is reasonable be-
cause this data is randomly generated and there is
no strong relationship between any pair of items.

We also conducted another experiment of sym-
metry checking for the set of frequent patterns in
“mushroom.” Figure 4 shows the results with the
minimum support = 500 and 200. While the data
includes a huge number of patterns, ZBDDs are in
a feasible size, and our method quickly found the
symmetric item groups (shown by parentheses) in
a few seconds of computation time.
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Minimum support = 500: (Total patterns: 1,442,504, ZBDD nodes: 4,011)
(x32 x7 x31) (x60 x64) x119 x48 x102 x91 x58 x80 x101 x95 x66 x61 x29 x17 x78
x68 x69 x77 x45 x117 x116 x56 x6 x111 x11 x44 x110 x43 x42 x94 x53 x37 x28
x24 x16 x10 x41 x15 x114 x99 x55 x39 x14 x2 x107 x98 x93 x90 x86 x85 x76 x67
x63 x59 x54 x52 x38 x36 x34 x23 x13 x9 x3 x1

Minimum support = 200: (Total patterns: 18,094,822, ZBDD nodes: 12,340)
(x80 x71 x79 x70) (x32 x31) (x78 x68) (x27 x26) x35 x7 x119 x48 x112 x102 x91
x95 x66 x61 x29 x17 x46 x69 x77 x45 x60 x117 x65 x116 x56 x6 x111 x64 x11
x58 x101 x44 x110 x43 x42 x109 x94 x53 x37 x28 x24 x16 x10 x115 x41 x15 x4
x114 x108 x99 x55 x39 x14 x2 x113 x107 x98 x93 x90 x86 x85 x76 x67 x63 x59
x54 x52 x40 x38 x36 x34 x25 x23 x13 x9 x3 x1

Figure 4: Results for the all frequent patterns in “mushroom” data.

5 Conclusion

In this paper, we presented an efficient method
for extracting all symmetric item sets in transac-
tion databases. The experimental results show that
our method is very powerful and will be useful for
discovering hidden interesting information in the
given data. Now we are going to apply our method
to actual real-life data mining problems.

As our future work, we are considering more ef-
ficient algorithm to be applied for more larger ZB-
DDs, and it would also be interesting to develop
“approximately” symmetry checking method which
allows some errors or noise in the data.
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