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1. INTRODUCTION 

T h e  p r e s e n t  p a p e r  d e a l s  w i t h  t h e  t h e o r y  o f  i n d u c t i v e  i n f e r e n c e  

w h i c h  h a s  a t t r a c t e d  much a t t e n t i o n  o f  c o m p u t e r  s c i e n t i s t s  ( c f . , e . g . ,  

[ 5 ,  6 ,  i 0 ,  1 I ] )  a n d  t h e  r e f e r e n c e s  t h e r e i n .  N o w a d a y s  i n d u c t i v e  

i n f e r e n c e  i s  w i d e l y  cons ide red  as a form o f  machine l e a r n i n g .  Most o f  

t he  work hav ing  been done i n  t h i s  f i e l d  w i t h i n  t h e  l a s t  two decades 

d e a l t  w i t h  i n f e r e n c e  m a c h i n e s  a s  p a s s i v e  r e c i p i e n t s  o f  d a t a ,  i . e . ,  t h e  

t e a c h e r  f ed  more and more i n f o r m a t i o n  conce rn ing  t h e  o b j e c t  t o  be 

l ea rned  t o  t h e  i n f e r e n c e  machine. R e c e n t l y ,  A n g l u i n  [ i ]  has i n t r o d u c e d  

a l e a r n e r  and t e a c h e r  paradigm i n  which the  i n f e r e n c e  machine i s  

a d d i t i o n a l l y  a l l owed  t o  ask a t e a c h e r  q u e s t i o n s .  Subsequent ly ,  v a r i o u s  

t ypes  o f  q u e s t i o n s  have been proven t o  be ve ry  h e l p f u l  i n  e f f i c i e n t l y  

learning appropriate concepts (of. [2, 3, 4]). The recursion theoretic 

version of Angluin's teacher and Iearner paradigm has been introduced 

and s t u d i e d  by Gasarch/Smi th  [ 9 ]  v e r y  r e c e n t l y .  I n  [ 9 ]  l e a r n i n g  by 

a s k i n g  q u e s t i o n s  i s  c o m p a r e d  t o  l e a r n i n g  b y  p a s s i v e l y  r e c e i v i n g  d a t a .  

T h e r e b y  many  i n t e r e s t i n g  a n d  s u r p r i s i n g  r e s u l t s  h a v e  b e e n  p o i n t e d  o u t .  

I n  p a r t i c u l a r ,  G a s a r c h /  S m i t h  [ 9 ]  s h o w e d  t h a t  t h e  learning 

t The  r e s u l t 8  w e r e  o b t a i n e d  d u r i n g  t h e  a u t h o r ' ~  v i s i t  o f  t h e  vom-  

p u t i n g  c e n t r e  o f  t h e  L a t v i a n  S t a t e  U n i v e r s i t y ,  
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capabilities of inference machines asking questions are mainly 

determined by the language which the inference mechanism uses to 

phrase its questions. If the learner is allowed to ask first order 

questions with plus and times, then every recursive function can be 

learned by a singIe machine. On the other hand, ailowing first order 

questions with plus and less, then questions containing a single 

quantifier are sufficient to learn more than what is possible by 

standard explanatory inference. But there is no longer a singIe 

machine that Iearns the entire set of reoursive functions. 

However, i n  [ 9 ]  s e v e r a l  p rob lems remained open. What we l i k e  t o  

p r e s e n t  here  i s  a r e f i n e d  compar ison o f  l e a r n i n g  v i a  q u e r i e s  and 

l e a r n i n g  v i a  p a s s i v e l y  r e a d i n g  d a t a .  Thereby we dea l  w i t h  t he  number 

o f  a l l o w e d  mind changes as w e l l  as w i t h  t h e  number o f  a l l o w e d  

anoma l ies  t h e  f i n a l  program may have.  I n  o r d e r  t o  a c h i e v e  as sha rp  r e -  

s u i t s  as p o s s i b l e ,  we do no t  o n l y  c o n s i d e r  t h e  number o f  a l t e r n a t i o n s  

o f  q u a n t i f i e r s ,  bu t  even t h e  number o f  q u a n t i f i e r s  a t  a l l  ~he posed 

q u e s t i o n s  a re  a l l o w e d  t o  i n v o l v e .  

2. BASIC DEFINITIONS AND NOTATIONS 

U n s p e c i f i e d  n o t a t i o n  f o l l o w s  Rogers [ 1 2 ] .  I n  a d d i t i o n  t o  o r  i n  

c o n t r a s t  w i t h  [ 1 2 ]  we use t h e  f o l l o w i n g :  

= { 0 ,  1 ,  2 . . . .  } d e n o t e s  t h e  s e t  o f  a l l  n a t u r a l  n u m b e r s .  The  s e t  o f  

a l l  f i n i t e  s e q u e n c e s  o f  n a t u r a l  n u m b e r s  i s  d e n o t e d  b y  ~x .  The  c l a s s  o f  

a l l  p a r t i a l  r e c u r s i v e  and r e o u r s i v e  f u n c t i o n s  o f  one v a r i a b l e  i s  

deno ted  by E, R, r e s p e c t i v e l y .  By ~ we deno te  t h e  s e t  o f  a l l  
{ 0 , 1 }  

z e r o - o n e  v a l u e d  f u n c t i o n s  f rom ~ ( r e c u r s i v e  p r e d i c a t e s ) .  For f ,  g E P, 

and x E ~ we w r i t e  f ( x )  = g ( x )  i f  b o t h  f ( x )  and g ( x )  a re  d e f i n e d  and 

e q u a l .  Le t  f ,  g E F, and l e t  a E ~, we w r i t e  f : g and f = g i f f  
a 

c a r d ( { x  / f C x )  # g C x ) } )  ~ a a n d  c a r d ( { x  / f ( x )  # g C x ) } )  ~ ~, r e s p e c -  

t i v e l y .  By ~ we denote  any f i x e d  a c c e p t a b l e  G~del number ing o f  ~. 

I n s t e a d  o f  X x ~ ( i , x )  we w r i t e  ~i" Le t  f E P and l e t  i E ~ such t h a t  

~i = f "  Then i i s  s a i d  t o  be a program f o r  f .  For conven ience  i t  i s  

sometimes s u i t a b l e  t o  i d e n t i f y  a f u n c t i o n  f rom ~ w i t h  t he  sequence o f  

i t s  v a l u e s ;  so O i l 0  ~ deno tes  t h e  f u n c t i o n  f w i t h  f ( i )  = i and f ( x )  = O 

f o r  a l l  x # i .  

We say t h a t  a sequence (Jn)nE~ o f  n a t u r a l  numbers conve rges  t o  a num- 

be r  j i f f  Jn = J f o r  a lmos t  a l l  n. By c we deno te  a p r o p e r  s e t  

i n c l u s i o n  i n  c o n t r a s t  t o  £. I n c o m p a r a b i l i t y  o f  s e t s  i s  deno ted  by #. 
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An (standard, passive) inductive inference mschine (abbr. IIM) is a 

total algorithmic device that successively takes as input the graph of 

a recursive function and produces (from time to time) programs as 

output. 

Following Case/Smith [8] we define: 

Definition i Let a 6 ~ U {*}, and let f E ~. An IIM EX a- identifies f 

i f f  t h e  s e q u e n c e  o f  p r o g r a m s  c r e a t e d  b y  M c o n v e r g e s  t o  a n u m b e r  i s u c h  

t h a t  @i = a f "  

I f  M does E X a - i d e n t i f y  f ,  we w r i t e  f E EXB(M). The c o l l e c t i o n  o f  

E X a - i n f e r r i b l e  s e t s  i s  denoted by EX a. I f  convergence i s  ach ieved 

a f t e r  a t  most c mind changes o f  M we w r i t e  f E EXa(M), f o r  c E ~. By ¢ 

EX a we denote t he  c o l l e c t i o n  o f  E X a - i n f e r r i b l e  s e t s  by I I M s  r e s t r i c t e d  
c 

t o  a t  most c mind changes. For a = 0 we omi t  t he  upper i ndex .  

In  t he  sequel  we a l s o  dea l  w i t h  b e h a v i o r a l l y  c o r r e c t  i n f e r e n c e  which 

has been i n t r o d u c e d  by Barzd in  [ 7 ] ,  and which has been i n t e n s i v e l y  

studied in Case/Smith [8]. 

D e f i n i t i o n  2 Le t  f E ~. An IIM B C - i d e n t i f i e s  f i f f  t he  sequence 

(ik)kE ~ of programs created by M satisfies @i = f" for almost all k. 
k 

We w r i t e  f e BC(M), i f  M does B C - i d e n t i f y  f and s e t  SC = {U ~ ~ / 3M[U 

BC(M) ] } .  

Following Gasarch/Smith [g] we define query inference machines as 

follows: 

A query inference machine (abbr. QIM) M is a total algorithmic device 

taking as input a string of bits 5 and outputs ordered pairs (i,~). 

The bits of the string 5 correspond to the teacher's answers to 

previous queries. Furthermore~ the first component o f  M's output 

denotes a program (possibly null) while the second component denotes 

the new question of M to the teacher. The questions are formulated in 

some language L. Without loss of generality we assume that all 

questions are in prenex normal form, i.e., quantifiers followed by a 

quantifier-free formula. 

Definition 3 Let L be a language, let f e ~, and let a E ~ u {*}. A 

QIM M Exa-identifies f iff, when the teacher truthfully answers M's 

questions [formulated in L) about f, then the sequence of programs 

created by M converges to a number i such that Di a f" 

If M does EXa-identify f we write f E Q£Xa[L](M). For a fixed language 

L the collection o f  Exa-inferrible sets b y  some QIM is denoted by 

QExB[L]. Again, if convergence is achieved after at most c mind 
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changes o f  M, we w r i t e  f E QEX~[L](M) and d e f i n e  QEX~[L] = {U ~ ~ I 

3QIM M [U ~ Q E X ~ [ L ] ( M ) ] } .  M o r e o v e r ,  l e t  f E QEXa[L](M) f o r  some QIM M 

and some language L. If M's questions involve at most k quantifiers 

and at most d ~ O alternations between blocks of existentiai and 

universal quantifiers, then we write f E Q~EXa[L](M). Please note 

that d = O means all questions are quantifier-free. The collections of 

Q~EXa[L] and Q~EX~[L] are analogously defined as above. Again, s e t s  

f o r  a = 0 we omi t  t h e  upper  i n d e x .  

Next  we s p e c i f y  t h e  l anguages  t h a t  w i l l  be used. As i n  Gasa roh /Smi th  

[ 9 ] ,  t h e  base l anguage  ~ t h a t  w i l l  be used a l l o w s  t h e  use o f  ~, A, =, 

V, 3, symbo ls  f o r  t h e  n a t u r a l  numbers, v a r i a b l e s  r a n g i n g  o v e r  ~, and 

a s i n g l e  f u n c t i o n  symbol ~. The symbol ~ w i l l  be used t o  r e p r e s e n t  t h e  

f u n c t i o n  b e i n g  i n f e r r e d .  The base language  ~ c o n s i s t s  o n l y  o f  t h e s e  

symbo ls .  F u r t h e r m o r e ,  i f  ~ i s  e x t e n d e d  w i t h  a d d i t i o n a l  symbols  ( e . g . ,  

a symbol  f o r  p l u s  and a symbol  f o r  l e s s ) ,  t h e n  we d e n o t e  i t  j u s t  by 

t h e s e  symbo ls ,  and i n c l u d e  t h e  o t h e r  symbo ls  i m p l i c i t e l y .  That  means, 

i n s t e a d  o f  e . g .  ~ U { + , ( }  we s h o r t l y  w r i t e  [ + , < ] .  F u r t h e r m o r e , w e  use 

t h e  symbol [ * ]  t o  d e n o t e  an a r b i t r a r y  e x t e n s i o n  o f  ~. 

F i n a l l y  i n  t h i s  s e c t i o n  we g e n e r a l i z e  t h e  n o t i o n  o f  team i n f e r e n c e ,  

o r i g i n a l l y  i n t r o d u c e d  by Smi th  [ 1 3 ] ,  t o  teams o f  QIMs= A team i s  a 

f i n i t e  c o l l e c t i o n  o f  QIMs u s i n g  t h e  same language  L. A team 

(M 1, . . . .  M n) s u c c e s s f u l l y  Q E X a - i n f e r s  a s e t  U ~ ~ , i f ,  f o r  each f E U, 

some team member M i s u c c e s s f u l l y  Q E X a [ L ] - i d e n t i f i e s  f -  We s e t  

QEXa[L]team(n) = {U ~ ~ /  3(M I . . . . .  Mn) [ f o r  e v e r y  f E U t h e r e  i s  some 

M i, 1 5 i ~ n, t h a t  O E X a - i n f e r s  f ] } .  

Now we a r e  r e a d y  t o  p r e s e n t  o u r  r e s u l t s .  

3. RESULTS 

First of all, we compare standard inference with an arbitrary but 

fixed number of mind changes to learning via queries, also restricted 

to at most a constant number of mind changes. 

A careful analysis of the proof of Theorem & in [g] stating t~t 

00E×[~3 = EX immediately yields the following result. 

Theorem i L e t  a E ~ u { * } .  Then f o r  a l l  c E ~ we have O0EX:[* ] = EX a. 
C 

Our n e x t  theorem shows t h a t  t h e  s i t u a t i o n  c o n s i d e r a b l y  changes,  i f  

q u e s t i o n s  i n v o l v i n g  a s i n g l e  Q u a n t i f i e r  a r e  a l l o w e d ,  even i n  case  t h a t  

o n l y  t h e  base l anguage  ~ i s  used. 



152 

i ~ 
Theorem 2 Le t  a E ~ U { * } .  There i s  a U E OIEX0[ ] \ ( U E X  a) 

c~0 

P r o o f .  The wanted c l a s s  U i s  t aken  f rom Wiehagen [ 1 5 ] ,  and d e f i n e d  as 

f o l l o w s :  U = {~ ip  / ~ E ~ ,  i E ~, i > I ,  P E ~(0,1)" ~i = ~ iP } .  

F i r s t  we show t h a t  U E QlIEx0[~](M), f o r  some QIM M. The machine M 

s u c c e s s i v e l y  asks VX[~(X) = 0 V ~(x) = 1] 

V x [ x  ~ o ~ ( ~ ( x )  = o v ~ ( x )  = I ) ]  

Vx [ ( x  # 0 ^ x # I )  ~ (~(x)  = 0 V ~(x) = I ) ]  

u n t i l  t he  l e a s t  k i s  found such t h a t  

V x [ ( x  # 0 ^ x ~ I A . . .  A x ~ k)  ~ (~(X) = 0 V ~(x)  = 1 ) ]  i s  

answered a f f i r m i t i v e l y .  Then f i n d  t he  va lue  fCk) by ask ing  ~(k) = 0, 

~ ( k )  = i ,  ~ ( k )  = 2 . . . .  O u t p u t  f ( k ) .  

I t  remains t o  show t h a t  U ~ U EX a f o r  anY a E ~ U { * } .  
o 

o~0 

t h e r e  i s  a o E ~ such t h a t  U E EX~(M). We Suppose t h e  i , e . ,  converse, 

s h a l l  c o n s t r u c t  a f u n c t i o n  f E U on which M f a i l s .  For  t h e  sake o f  

s i m p l i c i t y  o f  p r e s e n t a t i o n ,  we p resen t  t he  case c = 2 o n l y .  The 

generalization is then straightforward. Using Smullyan's Recursion 

Theorem [14]~ we d e f i n e  r e c u r s i v e  f u n c t i o n s  f z '  I 5 z 5 6 o f  seven 

variables. For s h o r t ,  l e t  f = lxf ( i , j , k , l , m , n , x ) ,  and s e t  
z z 

f ( i , j , k , l , m , n , x )  = z, i f  t he  numbers i ,  j ,  k, I ,  m, n a re  not  p a i r -  
z 

wise d i f f e r e n t ,  f o r  I 5 z 5 6. Now l e t  i ,  j ,  k, l ,  m, n be any p a i r -  

wise different numbers. Define 

f = iO t for t = I, 2, 3,..~ until the IIM M has produced its first 
z 

~0 

hypothesis on the function iO for I ~ z ~ 6. Let t o be the least 

number such that M outputs its first hypothesis h 0 on the function 
t 

i0 ~. Set ~ = iO °.Then define for t = I, 2, 3, 

f l  = ~ot+1 and f 2  = ~ j l  t u n t i l  t he  I I M  produces a second h y p o t h e s i s  on 

c0 
i 0  o r  on z j l  . Suspend d e f i n i n g  f3" f4" f 5 '  f6" 

Suppose M does produce a second h y p o t h e s i s  h I on one o f  t he  f u n c t i o n s  
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0~ 
iO o r  Z j l  ~, and l e t  0 be the  e x t e n s i o n  o f  ~ on which M b e h a v e s  thus= 

0D 
Then define f = TO`, f = zo, f = iO , f = ljl . Moreover, for 

3 4 1 Z 

t = I ,  2, 3 . . . .  d e f i n e  

f3 = %OkOt and f4 = Z0`llt until the IIM M produces a third hypothesis 

00 
on ~0kO or on TOll . Suspend defining fs and f6" 

OD OD 
Suppose M produces a third hypothesis on ~okO or on ~011 , and $ be 

t h e  e x t e n s i o n  o f  ~0` o n  w h i c h  M b e h a v e s  t h u s .  T h e n  d e f i n e  

= = TOkO and f 4  = ~ o l 1  M o r e o v e r ,  s e t  f 5  = ~O&, f 6  '£0"5, f 3  " 

co 
f s  ~0`8mO m a n d  f 6  = = TOanl . 

Now l e t  i ,  j ,  k ,  i ,  m, n be B t u p l e  o f  f i x e d  p o i n t s  due t o  Smu l l yan ' s  

Recurs ion  Theorem [ i ~ ] .  I t  s u f f i c e s  t o  show t h a t  M does f a i l  on a 

f u n c t i o n  f , f o r  some z E { I , . . . , 6 } .  
z 

Case I :  M does not  Produce any h y p o t h e s i s .  

0D 
Then @i = f l  ="" "= f6  = iO E U, a c o n t r a d i c t i o n .  

0D 
Case 2:  M produces a h y p o t h e s i s  h 0 on iO . 

t e0 
Then we have @i = f l  = iO and @j = f 2  = iO ° j lm .  Consequent ly ,  f1" 

f8 E U, Since fl is not a finite variant of f2' M does either fail on 

f i o r  f 8' o r  i t  must produce a second h y p o t h e s i s  h l .  Due t o  our  

c o n s t r u c t i o n  we ge t  t h a t  f3" f4 E U. Again ,  s i n c e  f3  i s  no t  a f i n i t e  

v a r i a n t e  o f  f4  M e i t h e r  f a i l s  on f3  o r  on f 4 '  o r  i t  produces a t h i r d  

h y p o t h e s i s .  Remember t h a t  M produces a t  l e a s t  3 h y p o t h e s i s  on bo th ,  f3  

and f 4 '  i n  case i t  i d e n t i f i e s  them. I n  t h i s  case, M a l s o  produces a t  

l e a s t  3 hypotheses on fB and on f6" Moreover ,  fB and f6  be long t o  U~ 

but  f s  i s  no t  a f i n i t e  v a r i a n t e  o f  f6" Hence M e i t h e r  f a i l s  on f5  o r  

f 6 '  o r  i t  has t o  produce a f o u r t h  h y p o t h e s i s .  Since o n l y  two mind 

changes a re  a l l o w e d ,  t h i s  y i e l d s  a c o n t r a d i c t i o n .  

q.e.d. 

From the latter theorem it directly follows that inference via queries 

is more powerful than standard inference, if both are restricted to at 

most a fixed number of mind changes. 
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Corollary 3 For all o ~ 0 we have; 

(i) O~EXo[*] \ EX c ~ 

(2) EX ° c O~EXo[* ]  

On t h e  o t h e r  h a n d ,  G a s a r c h / S m i t h  [ g ]  h a v e  s h o w n  t h a t  Q 1 E X 0 [ * ]  ~ EX. 

Now, applying Corollary 3 we see that their result cannot be improved. 

Allowing the query inference machine to make a single mind change 

considerably enlarges the learning potential, i.e., even function 

classes not contained in BC may become inferrible. Thus our next 

result sharpens Gasarch's and Smith's [9] Theorem 6 stating that 

O 1 E X l [ * ]  \ EX # ~. 

T h e o r e m  4 O ~ E X l [ * ]  \ SC # 

P r o o f .  (Sketch) Let U be defined as follows; 

U = { f  / f E ~ ,  @f(0) = f )  U {~0  ~ / ~ E ~ * ) .  B a r z d i n  [ 7 ]  h a s  s h o w n  

t h a t  U K BC. T h e  QIM M i n f e r r i n g  u f i r s t  a s k s  f o r  t h e  v a l u e  f ( O ) .  T h e n  

it outputs f(O). Second it asks Vx[~(x) = 0]~ Vx[x # O >-~ 5(x) = 0], 

etc., until eventually a k is found such that Vx[(x # 0 A x ~ 1A ... 

^ X ~ k) >-~ ~(x) = 0] is affirmatively answered. Next the OIM asks for 

the values f(O),...,f(k) and outputs an appropriate Program for the 

function f ( O ) . . . f ( k ) O  e.  

q . e . d .  

Keeping i n  mind t h a t  OIEX0[* ]  ~ EX, one d i r e c t l y  o b t a i n s  t he  f o l l o w i n g  

c o r o l l a r y .  

C o r o l l a r y  5 O:EXo[* ] C O~EX~[*] 

We believe that the latter corollary is the base o f  a hierarchy 

d e f i n e d  i n  te rms o f  mind changes. However, i t  i s  no t  known f o r  which 

query languages the hierarchy extends. 

Our next theorem establishes a hierarchy i n  terms o f  the number o f  

quantifiers being all o f  the same type. 

Theorem 6 For any k Z I and any f i x e d  c Z 0 we have 

8 1 EXo[+,(] \ +, 
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It is an interesting ope~ problem whether or not Theorem 6 remains 

v a l i d  i f  t h e  l a n g u a g e  [ + , ( ]  i s  r e p l a c e d  b y  [ + , x ] ,  w h e r e  x d e n o t e s  a 

symbol f o r  t i m e s .  A l l  t h a t  i s  known i s  t h a t  ~ E OIEX [ + , x ]  ( o f .  [ 9 ] ,  

Theorem 9 ) .  

Look ing a t  Theorem 2 and C~ the  f o l l o w i n g  problem a r i s e s  n a t u r a l ! y :  

Does ask ing  q u e s t i o n s  he lp  t o  s y n t h e z i s e  programs no t  hav ing  anomal ies  

f o r  f u n c t i o n s  which can o n l y  be i n f e r r e d  w i t h  anomal ies  by s tanda rd  

i n f e r e n c e  machines ? As we s h a l l  see, not  even a s i n g l e  e r r o r  can 

a lways be c o r r e c t e d ,  i f  we r e s t r i c t  o u r s e l v e s  t o  a query language not  

possessing the ability to ask undecidable questions. 

Theorem 7 EX I \ QIEX[+,(] ¢ 

However, it remained open whether  or not  more a l t e r n a t i o n s  o f  

q u a n t i f i e r s  cou ld  he l p .  N e v e r t h e l e s s ,  we were ab le  t o  g e n e r a l i z e  

Theorem 7 as f o l l o w s :  

Theorem 8 For a l l  a E ~ we have 

EX a+l  \ O l E x a [ + ,  ( ]  ¢ 

The  p r o o f  u s e s  a n o n t r i v i a l  e x t e n s i o n  o f  t h e  p r o o f  t e c h n i q u e s  o f  [ 9 ] .  

The l a t t e r  theorem aga in  y i e l d s  an i n f i n i t e  h i e r a r c h y .  

Q I E X [ + , ( ]  c Q I E X ~ [ + , { ]  c . . . c  Q I E X a [ + , ( ]  c Q I E X a + I [ + , ( ]  c . . .  

Moreover, in connection with Theorem ~ the following corollary 

results. 

a 
C o r o l l a r y  9 Le t  a E ~. Then we have EX a÷1 # QIEX [ + , ( ] .  

Le t  us now c o n s i d e r  t he  case a = * ,  i . e . ,  t h e  program s y n t h e s i z e d  i n  

t h e  l i m i t  i s  o n l y  r e q u i r e d  t o  compute a f i n i t e  v a r i a n t  o f  t he  f u n c t i o n  

t o  be i d e n t i f i e d .  As i t  t u r n s  o u t ,  t h e r e  a re  f u n c t i o n  c l a s s e s  be ing 

b e h a v i o r a l l y  c o r r e c t  i d e n t i f i a b l e ,  which cannot  be EX - i n f e r r e d  by any 

QIM, t h a t  uses t h e  language [ + , ( ]  r e s t r i c t e d  t o  q u e s t i o n s  i n v o l v i n g  

only one type of quantifier. 

x 
Theorem 10 BC \ QtEX [ + , { ]  ~ 

As an immediate consequence o f  Theorem 4 and 10 we g e t :  

C o r o l l a r y  11 BC # Q I E X * [ + , { ]  

Next i n  t h i s  s e c t i o n  we dea l  w i t h  q u e s t i o n s  i n v o l v i n g  more than one 

a l t e r n a t i o n  o f  b l o c k s  o f  q u a n t i f i e r s .  F i r s t  o f  a l l  we cou ld  sharpen 
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Theorem 12 of 6asarch/Smith [9] stating that Q2EX0[~] \ EX # ~ as 

follows: 

e~Ex0[~3 \ BC ~ Theorem 12 

The proof uses the same class U as the proof of Theorem ~ does. 

Now l e t  us have a c l o s e r  l o o k  t o  t he  s ta temen t  t h a t  OIEX0[* ]  ~ EX 

p o i n t e d  ou t  by GBsarch/Smith [ 9 ]  ( c f .  Theorem 5) .  Th is  r e s u l t  a c t u a l l y  

shows t h a t  t he  s i n g l e  b l o c k s  o f  q u B n t i f i e r s  which t h e  QIM uses t o  

phrase i t s  q u e s t i o n s  can be e l i m i n a t e d ,  i f  one does not  f u r t h e r  i n s i s t  

i n  r e s t r i c t i n g  t he  i n f e r e n c e  machine t o  ou tpu t  a s i n g l e  guess o n l y .  

A f t e r  hav ing made t h i s  o b s e r v a t i o n ,  i t  i s  n a t u r a l  t o  ask whether  o r  

not  such an e l i m i n a t i o n  i s  a l s o  p o s s i b l e ,  i f  more than one a l t e r n a t i o n  

o f  q u a n t i f i e r s  i s  a l l o w e d .  Our nex t  theorem answers t h i s  q u e s t i o n  

a f f i r m a t i v e l y .  

Theorem 13 For  a l l  d E ~ we have 

Oa+IEX0[*] ~ OaEX[~] 

P r o o f .  ( s k e t c h )  Le t  U E Q~+IEX0[*](M), f o r  some QIM M, and l e t  f E U. 

Then t h e r e  i s  B f i n i t e  sequence o f  q u e s t i o n s  such t h a t ,  i f  b 0 . . . . .  b k, 

where b i E { 0 , 1 } ,  0 5 i 5 k,  a re  t he  t r u t h  ansvers ,  then M on b 0 . . . .  , 

b k produces i t s  c o r r e c t  guess B, i . e . ,  ~a = f "  

Fu r the rmore ,  due t o  the  assumpt ion M poses q u e s t i o n s  i n v o l v i n g  a t  most 

d+1 b l o c k s  o f  q u B n t i f i e r s .  Since a l l  q u e s t i o n s  are  i n  prenex normal 

fo rm,  these  b l ocks  o f  q u a n t i f i e r s  a re  f o l l o w e d  by a q u a n t i f i e r - f r e e  

f o r m u l a  @. Any q u e s t i o n  i n v o l v i n g  a t  most d b l ocks  o f  q u B n t i f i e r s  

remains unchanged. Le t  us now c o n s i d e r  the  q u e s t i o n s  e x a c t l y  hav ing 

d+l  b l o c k s  o f  q u a n t i f i e r s .  Then two cases a re  P o s s i b l e ,  i . e . ,  t he  

f i r s t  b l o c k  (on the  l e f t h a n d  s i d e )  i s  e i t h e r  a b l o c k  o f  u n i v e r s a l  

q u a n t i f i e r s  o r  a b l ock  o f  e x i s t e n t i a l  q u a n t i f i e r s .  Le t  n be t h e  l e n g t h  

o f  t he  f i r s t  b l o c k ,  i . e . ,  t h e  f i r s t  b l ock  l ooks  l i k e  VxIVx 2 . . . v x .  i n  

t h e  f i r s t  case,  o r  l i k e  3x13xz...3Xn i n  t he  second case.  Each o f  these  

q u e s t i o n s  i s  r e p l a c e d  by a p o t e n t i a l l y  i n f i n i t e  sequence o f  q u e s t i o n s  

as f o l l o w s :  

Case 1: ~ = Yx lVx2 . . .Yxn3Yl . . -3Yz- - -@(x1  . . . .  ,xn ,  Y l - - - )  
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L e t  ( a l l , a 2 1  . . . . .  a n l ) ,  ( a l z ,  a z z  . . . . .  a n 2 ) ,  ( a l 3 ,  aZ3 . . . . .  an3 )  . . . .  b e  a n y  

fixed computable enumeration of all n-tuples of natural numbers. Then 

~) is replaced by 

~1 : 3Y1" " " 3 Y z "  " " $ ( a l l ' a 2 1  . . . . .  6 n l ' Y l  . . . .  ) '  

~2 = 3Y1" " " 3 Y z "  " " ~ ( a 1 2 ' a 2 Z  . . . . .  a n z ' Y l  . . . .  ) '  

~3 = 3Y1" " " 3 Y z "  " " ~ ( a 1 3 ' a 2 3  . . . .  a n 3 " Y t  . . . .  ) . . . .  e t c .  

C a s e  2 :  O = 3 x l 3 x z . . . 3 x n V Y l . . . V y z . . . ~ ( X l  . . . . .  x n ,  y 1 . . . .  ) 

T h e n  e i s  r e p l a c e d  b y  

01 = Vy 1. . .VY z . . - ~ ( a l l , a 2 1 ,  . . . .  a n l ,  Y 1 . . . .  ) ,  

02 = Vy I.. .VY z.. -~(alZ, a22, . . . ,an2, Y I .... ), 

e 3 = V y l . . . V y z . . . ~ ( a 1 3 ,  a23  . . . .  an3 ,  y 1 . . . .  ) ,  e t c . ,  

w h e r e  t h e  a . .  a r e  d e f i n e d  a s  a b o v e .  
13 

A t  t h i s  p o i n t  we m a k e  t h e  f o l l o w i n g  i m p o r t a n t  o b s e r v a t i o n .  

I f  ~ = V x 1 V x 2 . . . V X n 3 Y l . - . ~ z . . . ~ ( X l  . . . . .  x n ' Y l  " ' ' )  i s  a n s w e r e d  b y  " Y E S "  

t h e n  a l s o  e v e r y  ~)1' V) 2, . . .  m u s t  b e  a n s w e r e d  b y  " Y E S " .  I f  ~) i s  a n s w e r e d  

b y  "NO"  t h e n  t h e r e  i s  a t u p l e  (a l t o ,  . . . .  a ) s u c h  t h a t  ~ h a s  t o  b e  
nm m 

answered by "NO". Moreover, such an m must occur after finitely many 

steps. 

Now let 0 = 3x13xz...3XnVYl...Vyz...Q(x 1 .... ,Xn, Y I .... ) be answered by 

"NO". Then also every Question 01, 82,... must be answered by "NO". If 

0 is affirmatively answered then there is a tupIe (alm ..... anm ) such 

that @ has to be affirmatively answered. 
m 

In both cases we have the following situation. Either we always get 

the truth answer, i.e., the sequence of bits corresponding to the 

answers to ~I' g2'''" or 01 , @ z .... is a constant one, or there is a 

point at which it steps from I to O or from 0 to 1. Having eventually 

reached this point, we stop asking questions from this sequence. 

The wanted OIM M" works as follows: 

Replace the first question ~) or 0 o f  M as described above, and pose 

the question ~I or el, respectively. Fed the result obtained to M. 
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Output  M's h y p o t h e s i s ,  i f  any, and r e p l a c e  the  new q u e s t i o n  ~" o r  e' 

produced by M as desc r i bed  above. Now ask ~2 o r  @z' and ~ o r  

r e s p e c t i v e l y .  Check i f  the  answer t o  ~2 o r  e 2 c o i n c i d e s  w i t h  the  

answer t o  ~1 o r  ~i" r e s p e c t i v e l y .  I n  case i t  does~ fed  b 0 and b i t o  M, 

where b 0 co r responds  t o  t h e  answer t o  ~z o r  ~z" and b I co r responds  t o  

the  answer t o  ~1 o r  6'I ' r e s p e c t i v e l y .  

I n  case i t  does no t ,  f i x  t he  new o b t a i n e d  answer b 0 and remove the  

p rocedure  g e n e r a t i n g  ~1' ~ 8 ' ' ' ' "  o r  e l , . . . ,  r e s p e c t i v e l y .  Fed b 0 t o  M. 

I f  M o u t p u t s  a guess~ o u t p u t  i t .  O the rw ise  fed  aga in  b 0 and b I t o  M. 

Then, i f  M produces a h y p o t h e s i s ,  o u t p u t  i t .  Replace the  n e x t  q u e s t i o n  

~' or e" as descr ibed  above. Ask now ~3 or  %, ~ or e~, and ~ or  e~, 

r e s p e c t i v e l y ,  i f  no r e p l a c e d  sequence has been removed y e t .  O therw ise  

ask o n l y  t h e  a p p r o p r i a t e  nonremoved q u e s t i o n s .  Proceed as d e s c r i b e d  

above, i . e . ,  make the  a p p r o p r i a t e  checks e t c .  

That means, i n  each s tage  o f  t he  work o f  M ~ we l ook  f o r  t he  s h o r t e s t  

sequence b 0, b l , . . . , b  p on which M produces a h y p o t h e s i s .  App l y i ng  the  

o b s e r v a t i o n  made above, now i t  i s  c l e a r  t h a t  we w i l l  f i n d  t h e  s h o r t e s t  

c o r r e c t  sequence on which M produces i t s  c o r r e c t  guess. Consequent ly ,  

a f t e r  hav ing  reached t h i s  p o i n t ,  M" o n l y  o u t p u t s  the  c o r r e c t  

h y p o t h e s i s .  

q . e . d .  

I f  we a l l o w  t h e  dIMs us ing  d+ l  a l t e r n a t i o n s  o f  q u a n t i f i e r s  t o  

f o r m u l a t e  t h e i r  q u e s t i o n s  t o  make a f i x e d  number c > O o f  mind changes 

then the  l a t t e r  theorem does not  seem t o  remain v a l i d .  However, a l l  

t h a t  i s  known i s  t h a t  then a team o f  c+ l  dIMs s u f f i c e s  t o  ach ieve  the  

desired elimination. 

Theorem i ~  Le t  d E ~, and l e t  c > O. Then 

Qd+IEXc[*] ~ QdEX [*]team EC+I) 

I t  i s  an i n t e r e s t i n g  open problem t o  f i n d  out  f o r  which languages no 

team o f  c QIMs i s  p o w e r f u l  enough. 

Our l a s t  theorem shows t h a t  t h e r e  may be a c e r t a i n  t r a d e  o f f  between 

t h e  number o f  a l t e r n a t i o n s  o f  q u a n t i f i e r s  and t h e  number o f  
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q u a n t i f i e r s  allowed at all. 

Theorem 15 O~EXI[~] \ Q~EX[~J # 

It seems hard to generalize the latter theorem. 

4. C O N C L U S I O N S  

We have examined,  i n  some more d e t a i l ,  i n f e r e n c e  v i a  q u e r i e s  

r e s t r i c t e d  t o  a f i x e d  number o f  mind changes as w e l l  as i n f e r e n c e  v i a  

queries where the finally synthesized Programs may have anomalies. 

Thereby we could show that even questions involving only one type of 

quantifier may aid the learning process in two directions. First, the 

number of mind changes can be reduced, and second, more function 

classes become inferrible. On the other hand, the Theorems 6 and 15 

show that the Iearning Potentiai of QIMs does mainiy depend on the 

complexity of the allowed questions measured in the number of involved 

quantifiers. 

S U M M A R Y  

Mind changes 

o = u 

II II II 

OoEXo[*] ~ OoEX:[*] 

c BC 

# 

Ij ooEx~[* ] = O~EXo[~ ] 

Number of quantifiers 

O~EXo[+,< 3 c O EXo[+,<3 c 0 EX [+,<3 c ... c OIEXo[+,< 3 c... 

Number of allowed anomalies 

a + l  
Q I E X [ + , < ]  c Q IEXI - [+ , (1  c . . . c  Q I E X a [ + , ( ]  c QIEX [ + , < ]  c . . .  
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