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Abstract

The present paper deals with the learnability of indexed families of uniformly recursive lan-
guages from positive data under various postulates of naturalness. In particular, we consider
set-driven and rearrangement-independent learners, i.e., learning devices whose output exclu-
sively depends on the range and on the range and length of their input, respectively. The
impact of set-drivenness and rearrangement-independence on the behavior of learners to their
learning power is studied in dependence on the hypothesis space the learners may use. Further-
more, we consider the influence of set-drivenness and rearrangement-independence for learning
devices that realize the subset principle to different extents. Thereby we distinguish between
strong-monotonic, monotonic and weak-monotonic or conservative learning.

The results obtained are twofold. First, rearrangement-independent learning does not con-
stitute a restriction except the case of monotonic learning. Second, we prove that for all but
one of the considered learning models set-drivenness is a severe restriction. However, set-driven
conservative learning is exactly as powerful as unrestricted conservative learning provided the
hypothesis space is appropriately chosen. These results considerably extend previous work done
in the field (cf. e.g. Schéfer (1984) and Fulk (1990)).

1. Introduction

Language acquisition is one of the main topics in cognitive science, epistemology, linguistic and
psycholinguistic theory as well as of machine learning and algorithmic learning theory. All these
disciplines share the common goal to gain a better understanding of what learning really is. This
goal is of special interest to computer science if a learning computer should not remain a fiction.

Formal language learning may be characterized as the study of systems that map evidence on a
language into hypotheses about it. Of special interest is the investigation of scenarios in which the
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sequence of hypotheses stabilizes to an accurate and finite description (a grammar) of the target
language. Clearly, then some form of learning must have taken place. In his pioneering paper, Gold
(1967) gave precise definitions of the concepts “evidence,” “stabilization,” and “accuracy” resulting
in the model of learning in the limit. During the last decades, Gold-style formal language learning
has attracted a lot of attention by computer scientists (cf. e.g. Osherson, Stob and Weinstein (1986)
and the references therein). Most of the work done in the field has been aimed at two goals: the
characterization of those collections of languages that can be learned, and to study the impact of
several postulates on the behavior of learners to their learning power.

In this paper we aim to investigate the learning capabilities of learners that fulfill simultaneously
various combinations of desirable properties. For the purpose of motivation and discussion of our
research next to we introduce some notations.

A text of a language L is an infinite sequence of strings that eventually contains all strings of L.
An algorithmic learner, henceforth called inductive inference machine (abbr. IIM), takes as input
initial segments of a text, and outputs, from time to time, a hypothesis about the target language.
The set G of all admissible hypothesis is called hypothesis space. Furthermore, the sequence of
hypotheses has to converge to a hypothesis correctly describing the language to be learned, i.e.,
after some point, the IIM stabilizes to an accurate hypothesis. If there is an IIM that learns a
language L from all texts for it, then L is said to be learnable in the limit with respect to the
hypothesis space G.

A first question directly arising when dealing with learning in the limit is whether or not the
order of information presentation does really influence the capabilities of IIMs. An IIM is said
to be set-driven, if its output does only depend on the range of its input. Surprisingly enough,
Schifer (1984) and Fulk (1990) proved that set-driven IIMs are less powerful than unrestricted
ones. Intuitively, the weakness of set-driven IIMs is caused by the difficulties to handle both, finite
and infinite languages. A natural weakening of set-drivenness is rearrangement-independence. An
IIM is called rearrangement-independent if its output does only depend on the range and length
of its input. As it turned out, any collection of languages that can be learned in the limit may
also be learned by a rearrangement-independent IIM (cf. Schafer (1984), Fulk (1990)). However,
the weakness of set-driven IIMs has been proved in a setting allowing self-referential arguments.
This might lead to the impression that this result is far beyond any practical relevance, since
self-referential arguments are exclusively applicable in settings where the membership problem for
languages is undecidable in general.

Therefore, we study the power of set-driven IIMs in a more realistic setting with respect to
potential applications, i.e., we deal exclusively with indexed families of non-empty and uniformly
recursive languages. A famous example for an indexed family is the collection of all pattern lan-
guages (cf. Angluin (1980a)). Although this indexed families contains finite and infinite languages,
Lange and Wiehagen (1991) succeeded in designing a set-driven IIM learning it. Consequently, it
is only natural to ask whether or not any learnable indexed family may be learned by a set-driven
1M, too.

A major problem, one has to deal with when learning from text, is to avoid or to detect over-
generalization (also called the subset problem), i.e., hypotheses that describe proper supersets of
the target language. The impact of this problem results simply from the fact that a text cannot
supply counterexamples to such hypotheses. IIMs that strictly avoid overgeneralized hypotheses
are called conservative (cf. Definition 6). As it turns out, neither Schéfer’s (1984) nor Fulk’s (1990)
transformation of an arbitrary IIM into a rearrangement-independent one preserves conservative-



ness. Therefore, we study the problem whether or not rearrangement-independence is a severe
restriction for conservative learners. However, this problem has its special peculiarities. Namely,
when dealing with conservative learning, the choice of the hypothesis space does seriously influ-
ence the learnability of indexed families (cf. Lange and Zeugmann (1993b)). Hence, we have to
distinguish between exact learning, class preserving inference, and class comprising learning. If an
indexed family £ can be learned with respect to the hypothesis space £, then £ is said to be ezactly
learnable. Furthermore, £ is learnable by a class preserving learning algorithm M, if there is a
hypothesis space G = (G)jew such that any G; describes a language from £ and M learns £ with
respect to G. That means, if one learns class preservingly, then one has the freedom to change the
enumeration as well as the description of the languages from £. Finally, if any hypothesis space
G = (G})je~ comprising the range of £ may be taken by the learning algorithm, then we call it
class comprising. In this setting one has to freedom to change the enumeration, the description and
to add elements G} not describing any language ;from £ to the hypothesis space. However, since
membership in £ is uniformly decidable, we restrict ourselves to consider exclusively hypothesis
spaces having a uniformly decidable membership problem.

Several authors proposed the so-called subset principle to solve the problem of avoiding overgen-
eralization (cf. e.g. Berwick (1985), Wexler (1992)). Informally, the subset principle requires the
learner to hypothesize the “least” language from the hypothesis space with respect to set inclusion
that fits with the data the IIM has read so far. Therefore, we present some formalizations of learning
realizing the subset principle to different extents. First, we require the learning algorithm to pro-
duce a sequence of hypotheses describing an augmenting chain of languages, i.e., L(G;) C L(Gy,), if
k is hypothesized on an extension of the text segment that led to j (cf. Definition 5, (A)). We call
learners behaving thus strong-monotonic. Weakening the latter demand leads to weak-monotonic
learners that are required to behave strong-monotonically as long as they do not receive data
contradicting its actual hypothesis. If they receive strings that provably misclassify their actual
hypothesis, then weak-monotonic learners are allowed to output any hypothesis (cf. Definition 5,
(C)). Third, we refine strong-monotonic learning in that we only require L(G;) N L C L(Gy) N L.
Now, “least” language is interpreted with respect to the intersection with L. This learning model
is called monotonic inference (cf. Definition 5, (B)). Strong-monotonic and weak-monotonic learn-
ing has been introduced by Jantke (1991) and monotonic learning goes back to Wiehagen (1991).
Subsequently, we have studied their learning capabilities in the setting of learning indexed families
(cf. Lange and Zeugmann (1993a)). Again, the power of all the monotonic learning models heavily
depends on the choice of the hypothesis space (cf. Lange and Zeugmann (1993b).

In the sequel we study the impact of set-drivenness and rearrangement-independence on all the
learning models described above in dependence on the hypothesis space. The results obtained prove
that rearrangement-independent learning does not constitute a restriction except in case one learns
monotonically. These results have been achieved by non-trivial applications of the characterizations
of all types of monotonic learning in terms of finite tell-tales. Moreover, we show that set-drivenness
cannot be achieved in general. However, class comprising weak-monotonic learning is exactly as
powerful than class comprising set-driven weak-monotonic inference. We regard this result as a
particular answer to the question how a “natural” learning algorithm may be designed.

2. Preliminaries

By IN = {0,1,2,...} we denote the set of all natural numbers. We set IN* = IN \ {0}. Let



©0, P1, P2,... denote any fixed programming system of all (and only all) partial recursive functions
over IN, and let &y, ®;, P, ... be any associated complexity measure (cf. Machtey and Young, 1978).
Then ¢ is the partial recursive function computed by program k in the programming system.
Furthermore, let k,o € IN. If pp(x) is defined (abbr. ¢r(z) |) then we also say that ¢p(x)
converges; otherwise, ¢ (x) diverges (abbr. ¢ (z) 1).

By (.,.) : IN x IN — IN we denote Cantor’s pairing function. Moreover, we use (., .,.) : IN x IN x
IN — IN to denote the following encoding: (x,y,2) =4 (x, (y,2)) for all z,y,z € IN.

In the sequel we assume familiarity with formal language theory (cf. Hopcroft and Ullman
(1969)). By ¥ we denote any fixed finite alphabet of symbols. Let ¥* be the free monoid over
3. Any subset L C »* is called a language. By co— L we denote the complement of L. Let L
be a language and t = sg, $1, S2, ... an infinite sequence of strings from ¥* such that range(t) =
{si|k € IN} = L. Then t is said to be a text for L or, synonymously, a positive presentation. Let
L be a language. By text(L) we denote the set of all positive presentations of L. Moreover, let ¢
be a text and let  be a number. Then, ¢, denotes the initial segment of ¢ of length « + 1, and
th =g {sklk <z}

Next, we introduce the notion of canonical text that turned out to be very helpful in proving
several theorems. Let L be any non-empty recursive language, and let sg, s1, S2,... be the lexico-
graphically ordered text of ¥*. The canonical text of L is obtained as follows. Test sequentially
whether s, € L for z = 0, 1,2, ... until the first z is found such that s, € L. Since L # () there must
be at least one z fulfilling the test. Set {g = s,. We proceed inductively. For all € IN we define:

Loy Sotatl, i Siiaq1 €L,
lot1 =

te, S, otherwise, where s is the last string in ¢,.

In the sequel we deal with the learnability of indexed families of uniformly recursive languages
defined as follows (cf. Angluin, 1980b). A sequence Lg, L1, Lo, ... is said to be an indexed family £
of uniformly recursive languages provided all L; are non-empty and there is a recursive function f
such that for all numbers 5 and all strings s € X* we have

(1, i sely
1(55) _{ 0, otherwise.

In all what follows we refer to indexed families of uniformly recursive languages as indexed
families for short. Moreover, we often denote an indexed family and its range by the same symbol
L. The meaning will be clear from the context.

As in Gold (1967) we define an inductive inference machine (abbr. IIM) to be an algorithmic
device which works as follows: The IIM takes as its input larger and larger initial segments of a
text t and it either requests the next input string, or it first outputs a hypothesis, i.e., a number
encoding a certain computer program, and then it requests the next input string.

At this point we specify the semantics of the hypotheses an IIM outputs. For that purpose we
have to clarify what hypothesis spaces we choose. We require the inductive inference machines to
output indices of grammars, since this learning goal fits well with the intuitive idea of language
learning. Furthermore, since we exclusively deal with indexed families £ = (L;) e we always take
as space of hypotheses an enumerable family of grammars Gy, G1, G2, ... over the terminal alphabet



¥ satisfying £ C {L(G;)|j € IN}. Moreover, we require that membership in L(G;) is uniformly
decidable for all 7 € IN and all strings s € ¥*. The numbers 7 that the IIM outputs are then
interpreted as L(G;). Moreover, for notational convenience we use L(G) to denote {L(G;)|j € IN}
for every hypothesis space G = (G})je.

A sequence (j;)zen of numbers is said to be convergent in the limit iff there is a number j such
that j, = j for almost all numbers z. Now we define some concepts of learning. We start with
learning in the limit.

Definition 1. (Gold, 1967) Let L be an indexed family of languages, L € L, and let G =
(Gj)je be a space of hypotheses. An IIM M LIM -identifies L from a text t with respect to G

iff it almost always outputs a hypothesis and the sequence (M (t,))zew converges in the limit to a
number j such that L = L(Gj).

Furthermore, M LIM ~identifies L iff M LIM ~identifies L from every text t € text(L). We
set:

LIM(M) ={L € L|M LIM —identifies L}.

Finally, let LIM denote the collection of all indexed families L for which there is an IIM M
such that L C LIM(M).

Suppose, an I1IM identifies some language L. That means, after having seen only finitely many
data of L the IIM reached its (unknown) point of convergence and it computed a correct and finite
description of a generator for the target language. Hence, some form of learning must have taken
place. Therefore, we use the terms infer and learn as synonyms for identify.

Moreover, an IIM is required to learn the target language from every text for it. This might
lead to the impression that an IIM mainly extracts the range of the information fed to it, thereby
neglecting the length and order of the data sequence it reads. IIMs really behaving thus are called
set-driven. More precisely, we define:

Definition 2. (Wexler and Culicover, Sec. 2.2, (1980)) An IIM is said to be set-driven
iff its output depends only on the range of its input; that is, iff M (t,) = M(fy) for all z,y € IN, all
texts t, t provided t} = t}j.

Schéfer (1984) as well as Fulk (1990), later, and independently proved that set-driven IIMs are
less powerful than unrestricted ones. Fulk (1990) interpreted the weakening in the learning power
of set-driven IIMs by the need of IIMs for time to “reflect” on the input. However, this time cannot
be bounded by any a priorily fixed computable function depending exclusively on the size of the
range of the input, since otherwise set-drivenness would not restrict the learning power. Indeed,
Osherson, Stob and Weinstein (1986) proved that any non-recursive IIM M may be replaced by a
non-recursive set-driven IIM M learning at least as much as M does. With the next definition we
consider a natural weakening of Definition 2.

Definition 3. Schéfer-Richter (1984), Osherson et al. (1986)) An IIM is said to be
rearrangement-independent iff its output depends only on the range and on the length of its input;
that is, iff M(t) = M(t,) for all x € IN, all texts t, t provided t} =t} .

We make the following convention. For all the learning models in this paper we use the prefix
s-, and 1- to denote the learning model restricted to set-driven and rearrangement-independent
IIMs, respectively. For example, s — LIM denotes the collection of all indexed families that are
LI M-inferable by some set-driven IIM. Next we formalize the other inference models that we have
mentioned in the introduction.



Definition 4. (Gold, 1967) Let £ be an indexed family of languages, L € L and let G =
(Gj)jen be a space of hypotheses. An IIM M FIN —identifies L from text t with respect to G iff it
outputs only a single and correct hypothesis j, i.e., L = L(G;), and stops.

Furthermore, M FIN —identifies L, iff M FIN —identifies L from every t € text(L). We set:
FIN(M) = {L € L|M FIN —identifies L} and define the resulting learning type FIN to be the
collection of all finitely inferable indexed families.

Consequently, every hypothesis produced by a finitely working IIM has to be a correct guess.
The next definition formalizes the different notions of monotonicity.

Definition 5. (Jantke (1991), Wiehagen (1991)) Let L be an indexed family of languages,
L e L and let G = (Gj)jew be a space of hypotheses. An IIM M is said to identify a language L
from text

(A) strong-monotonically
(B) monotonically

(C) weak-monotonically
uf

M LIM—identifies L and for any text t € text(L) as well as for any two consecutive hypotheses j,,
Jetk which M has produced when fed t, and t,.y for some k > 1,k € N, the following conditions
are satisfied:

(A) L(sz) - L(Gja:+k)

(B) L(G;,)NLC L(G;,,,)NL

jz+k

() if tosr C L(Gy,) then L(Gy,) € L(G

ja:+k) *

By SMON, MON, and WMON, we denote the family of all sets £ of indexed families for
which there is an IIM inferring it strong-monotonically, monotonically, and weak-monotonically,
respectively.

Definition 6. (Angluin, 1980b) Let £ be an indexed family, L € £, and let G = (G;)jew be
a space of hypotheses. An IIM M CONSERVATIVE-identifies L from text with respect to G iff for
every text t the following conditions are satisfied:

(1) L € LIM(M) w.r.t. G,

(2) if M on input t, makes the guess j, and then outputs the hypothesis jyir # jo at some
subsequent step, then t),, & L(Gj,).

CONSERVATIVE(M) as well as the collections of sets CONSERVATIVE are defined in an
analogous manner as above. Note that WMON = CONSERVATIVE (cf. Lange and Zeugmann
(1993a)). Additionally, every conservatively working IIM satisfies the monotonicity constraints a
weak-monotonically working IIM has to fulfill.

We conclude this subsection with the following convention. For any model of inference defined
above, the prefix £ denotes the requirement to learn an indexed family £ with respect to the



hypothesis space £ (eract learning). Furthermore, class comprising inference is denoted by the
prefix C, e.g. CLIM denotes the set of all indexed families £ inferable with respect to some
hypothesis space § = (G})jecw such that £ C {L(G;)|j € IN}. If no prefix is used, then class
preserving learning is meant, i.e., inference with respect to a hypothesis space G = (G;) e~ such
that range(L) = {L(G;)|j € IN}. For example, r—MON denotes the collection of all indexed
families £ that may be monotonically identified by a rearrangement-independent IIM with respect
to some class preserving hypothesis space.

3. Learning with Set-driven IIMs.

Theorem 1. FFIN = FIN =CFIN =s—EFIN

Proof. EFIN = FIN = CFIN is due to Lange and Zeugmann (1993b). It remains to show
that EFIN C s—EFIN.

Let £ € EFIN. From the characterization theorem for finite learning (cf. Lange and Zeugmann,
1992) it follows that there exists a recursively generable family (7});cv of finite non-empty sets
such that

(1) For all j € IN, T; C Lj,

2) For all j,k € IN, if Tj C Ly, then Ly, = L;.
J J

Using this recursively generable family (7)) e we define a IIM M witnessing £ € s—EFIN. Let
LeL, te tert(L), and x € IN.

M(ty) = “If 2 =0 or M when fed successively with ¢, does not stop, then execute stage x.

Stage x: Search for the least j such that ¢ C L;. Test whether or not T; C ¢}.
In case it is, output j and stop.
Otherwise, request the next input and output nothing.”

It remains to show that £ C s— EFIN(M). By construction, M uses £ as hypothesis space.
Claim 1. M finitely infers L.

Let t € text(L). It remains to show that M stops sometimes, say with j, and that L = L;. Let
k be the least number satisfying L = Lg. By property (1), Ty C Lg. Since t* = L, there must
be an x such that T C t;. Now, there is only one case imaginable that could prevent M to stop.
Namely, it exists a 7 < k with L C L; and T; € L. Clearly, in this case M would verify t;‘ CL;
but it never verifies T C t;“ . However, since L C Lj, and L = L; we conclude T}, C L;. Therefore,
L = Lj, by property (2), a contradiction. Consequently, M has to stop sometimes. Suppose, M,
when fed ¢, outputs j and stops. But then, in accordance with M’s definition, M has verified
t5 C Ljand T C . Hence, T; C L. By property (2), we directly obtain L; = Ly = L. This
proves the claim.

Claim 2. M is set-driven.

Let t; and fy be two initial text segments of a language L € £ such that ¢ = fy+ . We have to
show that M(t,) = M(t,). Suppose, M executes stage = or y, respectively. Since L € L, there
exists a least number k such that L = Li. Hence, M finds indices 7,j such that t; C L; and



f; C Lj. Because of tf = tA;“ , we may conclude ¢ = j. Since the tell-tale sets T} are uniformly
recursively generable, M can effectively compute Tj. If T; Z ¢}, then T is not a subset of fy+ either.
Hence, in this case M does not output a hypothesis when fed ¢, and t,, respectively. On the other
hand, if Tj C ¢} then Tj C i}. Therefore, M (t,) = M(t,) = j.

Finally, suppose M has stopped when successively fed ¢, ;. Clearly, then M has output a
hypothesis, say j. We have to show that M(f,) = j. Since M finitely infers £, we know that
L; = L. Moreover, M has verified that 7; C t7 C L; for some z < z. By assumption, t] = tA; ,
and therefore ¢t C £f. We distinguish the following two cases.

Case 1. M when successively fed fy,l does not stop.

Since j is the least index with ¢7 C L; and since L; = L, we conclude that j is the smallest
number such that f;“ C L;. Hence, T; C tf C t?j, and M outputs j.

Case 2. M when successively fed fy_l stops.

Suppose M (t,,) = k for some m < y. As above, then L, = L. However, as we already seen in
the proof of Claim 1, M always outputs the least index of the language it actually learns. Hence,

we obtain k£ = j. This proves the claim.
q.e.d.

As we have already mentioned, the examples of Schéfer (1984) and Fulk (1990) witnessing the
restriction of set-driven learners are not indexed families. Hence, we ask whether the uniform
recursiveness of all target languages may compensate the impact to learn with set-driven ITMs.
The answer is no as the following theorem impressively shows.

Theorem 2. s—CLIM C ELIM = LIM =CLIM

Proof. The part ELIM = LIM = CLIM is due to Lange and Zeugmann (1993b). It remains
to show that s—CLIM C ELIM.

The desired indexed family £ is defined as follows. For all k € IN we set L oy = {a"b"|n € INT}.
For all k € IN and all j € INT we distinguish the following cases:
Casel. —®Dp(k) <j
Then we set L(k,j} = L(k,O}'

Case 2. ®p(k) <j
Let d =2 - ®(k) — j. Now, we set:
{d*o™|1 <m < d}, ifd>1,
(k.j) =

{a*b}, otherwise.

L = (L j))jken is an indexed family of recursive languages, since the predicate “®;(y) < 27 is
uniformly decidable in 7, y, and z.

Claim A. L& s—CLIM

Since the halting problem is undecidable, Claim A follows by contraposition of the following
Claim B.

Claim B. If there exists an IIM M with £ C s—CLIM (M), then one can effectively construct
an algorithm deciding for all & € IN whether or not ¢y (k) converges.



Let M be any IIM that learns £ in the limit w.r.t. some hypothesis space G comprising £. We
define an algorithm A that solves the halting problem.

Algorithm A: “On input k execute (A1) and (A2).

(A1) For z =0,1,2,... generate successively the lexicographically ordered text ¢ of L4 0y until
M on input ¢, outputs for the first time a hypothesis j such that tF U{a*b**1} C L(G).

(A2) Test whether ®(k) < z. In case it is, output “pi (k) converges.”
Otherwise output “¢y (k) diverges.”

Since M has to infer Ly gy in particular from ¢, there has to be a least z such that M on
input ¢, computes a hypothesis j satisfying ¢} U {a*b*t!} C L(G j). Moreover, the test whether or
not ¢t U {akb*t1} C L(G;) can be effectively performed, since membership in L(G;) is uniformly
decidable. By the definition of a complexity measure, instruction (A2) is effectively executable.
Hence, A is an algorithm.

It remains to show that ¢y (k) diverges, if = @ (k) < z. Suppose the converse; then there exists
ay >z with ®;(k) = y. In accordance with the definition of £, we obtain L =t € L. Hence, t,
is also an initial segment of a text ¢ for L. Due to the definition of A, we have L(G;) # L. Since
M is a set-driven IIM, L = t} implies M (t,,) = j for all » € IN. Therefore, M fails to infer L on
its text £. This contradicts our assumption that £ C s—CLIM(M). Hence, Claim B is proved.

Claim C. L€ ELIM

After a bit of reflection, it is easy to verify that the following IIM M infers £ w.r.t. the hypothesis
space L. Let L € L, let t € text(L), and let z € IN. We define:

M(t,) = “Determine the unique k such that ty = a*b™ for some m € IN. Test whether or not
O (k) < z. In case it is, goto (A). Otherwise, output (k,0) and request the next input.

(A) Test whether or not a®b®+(F)+7 c ¢+ for some n € IN. In case it is, output (k,0) and
request the next input. Otherwise, goto (B).

(B) Determine the maximal z € IN such that a*b* € ¢}. Output (k,2- @ (k) —2) and request
the next input.”

q.e.d.

As the latter theorem shows, sometimes there is no way to design a set-driven IIM. However,
with the following theorems we mainly intend to show that the careful choice of the hypothesis
space deserves special attention whenever set-drivenness is desired.

Theorem 3. There is an indezed family £ such that
(1) Ler—ESMON,
(2) LLZ LIM(M) for all IIM M, provided M is set-driven,
(3) there is an IIM M such that L C s—CSMON (M).

Proof. The desired indexed family £ = (L )k jen is defined as follows. For all k € N we set
L) = {akb™ | m € NT}. For all j € IN* we distinguish the following cases.



Case 1. = ¢p(k) < j

Then we define L, jy = Lz o)-
Case 2. ¢p, (k1) <j

Then we set L jy = {a*b}.

Claim 1. Ler—ESMON.

We have to define an IIM witnessing £ € ESMON. This is done as follows: Let L € L, t €
text(L), and z € IN.

M(t,) = “Compute the unique k such that a*v™ € t} for some m € N. As long as tf = {a*b}
execute (A).
Otherwise, output (k,0) and request the next input.

(A) Test whether = @, (k) < z. In case it is, output nothing and request the next input.
Otherwise, output (k, ®;(k)) and request the next input.”

Obviously, M is rearrangement-independent. In order to prove £ C r—ESMON (M) we distinguish
the following cases.

Case 1. @i (k) T

In accordance with the definition of the indexed family £ we directly obtain L = L, oy = L 5
for all j € N. Since t € text(L), there has to be an z such that ¢} # {a*b}. Consequently, after
having seen t, the IIM M always outputs (k,0), a correct hypothesis. Moreover, M obviously
works strong-monotonically.

Case 2. ¢r(k) |

Suppose, L = {a"b}. Since t € text(L), M executes instruction (A) on every input ¢,. Moreover,
there exists an zp such that ®5(k) < x for all z > z(. Hence, after having seen ¢, the IIM M
always outputs the correct hypothesis (k, ®5(k)).

Now, let us assume L = L o). As we have shown in Case 1, there exists an € IN such that
th # {a*b}. Consequently, for all y > = we have M (ty) = (k,0) and M again learns L. Finally,
it might happen that M outputs (k, ®x(k)) on some initial segment of ¢ and changes its mind
to (k,0) afterwards. Clearly, this mind change fulfills the strong-monotonicity constraint. Hence,
LCr—ESMON(M).

Claim 2. L Z LIM (M) for all IIM M, provided M is set-driven.
This claim is proved via the following lemma.

Lemma 1. Let M be any set-driven IIM such that L C LIM(M) w.r.t. some class preserving
hypothesis space G = (Gj)jew - Then M may be used to decide the halting problem.

Proof. We define an algorithm A as follows.
Algorithm A: “On input k execute instruction (A1).
(A1) Simulate M on input a*b. If M requests the next input without outputting a hypothesis,

then output “p (k) T,” and stop.
Otherwise, let z = M (a"b). Execute instruction (A2).
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(A2) Test whether or not a*b? € L(G.,).
In case it is, output “pg (k) 1.”
Else, output “¢ (k) J,” and stop.”

Obviously, A is an algorithm. It remains to show that A behaves correctly. Suppose, A outputs
“pr(k) 17 but “p(k) |.” By definition of £, L = {a*b} € L. Since M is supposed to be set-driven,
it has to output a correct hypothesis after having seen a*b. But it does not, since A has terminated
with “pr (k) 7.7 This contradiction directly yields that .4 behaves correctly if it outputs “pr (k) 1”.

Now, let us assume A terminates with “¢j(k) |.” Taking into account that § = (G;)jcw is a
class preserving hypothesis space, we directly see that a*b? ¢ L(G.,) implies L(G.) = {a*b}. Hence,
“or(k) 1.7 This proves the lemma.

Since the halting problem is not recursive, the contraposition of Lemma 1 implies Claim 2.
Claim 3. L € s—CSMON.

First of all we define the desired class comprising hypothesis space. For all k£ € IN we set

LGy - Loy, it j = 2k,
’ {a*b}, ifj =2k + 1.

Obviously, § = (Gj);jew is an admissable hypothesis space. A set-driven IIM M witnessing £ €
CSMON may be easily defined as follows. As long as it receives an initial segment ¢, of a text ¢
such that ¢t = {a*b} it outputs 2k + 1. If {a*b} C ¢, it hypothesizes 2k. We omit tcllle details.
q.e.d.
Theorem 3 directly yields the following corollary which relates the power of set-driven and
unrestricted IIMs to one another.

Corollary 4. For all ID € {SMON, MON,WMON }:

(1) s—EID C EID
(2) s—ID C ID

Proof. This corrollary follows immediately from Theorem 3. There, we have shown r—ESMON '\
s—LIM # (. This yields all the proper inclusions mentioned, since ESMON C SMON,
ESMON C EID C ID for all ID € {MON,WMON} (cf. Lange and Zeugmann (1993b)) as
well as s—FEID C s—ID C s—LIM for all ID € {SMON,MON,WMON} by deﬁrgtion.

q.e.d.

As we have seen, set-drivenness constitutes a severe restriction. While this is true in general as
long as exact and class preserving learning is considered, the situation looks differently in the class
comprising case. On the one hand, learning in the limit cannot always be achieved by set-driven
IIMs (cf. Theorem 2). On the other hand, conservative learners may always be designed to be
set-driven, if the hypothesis space is appropriately chosen.

Theorem 5. s-CCONSERVATIVE = CCONSERVATIVE

Proof. We partition the proof into two parts. First, we show that every indexed family in
CCONSERVATIVE belongs to r—CCONSERVATIVE (cf. Lemma 1) below. Then we apply this
result and show that set-drivenness does not restrict the power of class comprising conservative
learning (cf. Lemma 2).
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Lemma 1. r-CCONSERVATIVE = CCONSERVATIVE

Let £L € CCONSERVATIVE. By Theorem 14 in Lange and Zeugmann (1993c) there exists
a hypothesis space § = (G;)jew and a recursively generable tell-tale family (7}) e of finite and
non-empty sets such that

(1) range(L£) C L(G),
(2) for all j € N, Tj - L(GJ),
(3) for all J,k € IN, if Tj - L(Gk), then L(Gk) §Z L(GJ)

Using this tell-tale family, we define a new recursively generable family (TJ) jew of finite and non-
empty sets that allows the design of a rearrangement-independent IIM inferring £ conservatively

w.r.t. G. For all j € IN we set ’f‘j = nngn N L(Gy).

~

It is easy to see that (7j);cv fulfills (1) through (3), too. Next, we even show the following
stronger result.

Statement 1. L(G) € ECONSERVATIVE.
The desired IIM is defined as follows. Let L € L(G), t € text(L), and = € N.

M(t,) = “Generate T}, for all k < z and test whether T} C t; C L(G}). In case there is one k
fulfilling the test, output the minimal one, and request the next input.
Otherwise, output nothing and request the next input.”

Obviously, M is rearrangement-independent.
Claim 1. M works conservatively.

Let k and 7 be two hypotheses produced by M on input ¢, and ¢4, respectively. We have to
show that 7,  L(G},). For that purpose we distinguish the following cases.

Case 1. k < j
Due to M’s definition we immediately obtain t),, Z L(Gy,).
Case 2. j <k

Suppose, tﬂfﬂ C L(Gg). In accordance with its definition, M has verified that TJ C t;ﬁrr C
L(Gj). Moreover, the definition of the tell-tale family directly yields Tj C Ty, since j < k and
T; C tf,, C L(Gy). Taking into account that Tj, C ¢, this implies 7; C ¢} C L(G;). Finally, since
j < k we conclude M (t,) = j, a contradiction. Hence, the claim is proved.

Claim 2. M infers L from t.

Let z = pk [L(G}) = L. Therefore, L(G;) # L for all j < z. Applying property (3), we obtain
that L\ L(G;) # 0 for all j < z provided T; C L. Consequently, every candidate hypothesis j < z
is sometimes rejected by M, and M converges to z. Hence, the claim follows and Statement 1 is
proved.

Finally, since £ C L(G), we may easily conclude that £ C r— CCONSERVATIVE(M). This
proves Lemma, 1.

Lemma 2. Let £ be any indexed family. If £ € CCONSERVATIVE, then there exists a
hypothesis space G = (G)jew and an IIM M such that £ C s —CCONSERVATIVE(M) w.r.t. G.
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First, we define the hypothesis space G = (GJ) jew as follows. Applying Lemma 1, there exists
a hypothesis space § = (G)jew and and IIM such that £ C r— CCONSERVATIVE(M) w.r.t. G
as well as L(G) C r— ECONSERVATIVE(M). Afterwards, we use the latter statement and show
a more general result which turns out to be quite helpful in order to prove Corollary 6. The
hypothesis space G is the canonical enumeration of all grammars from G and all finite languages
over the underlying alphabet X. Second, the main ingredient to the definition of the desired IIM M
is the machine M from Lemma 1. However, before defining it we introduce the notion of repetition
free text rf(t). Let ¢t = sg,s1,... be any text. We set rf(tg) = so and proceed inductively as
follows: For all z > 1, rf(ty11) = rf(ty), if sp1 € rf(ty)™, and rf(tyr1) = rf(ts), Sp+1 otherwise.
Obviously, given any initial segment ¢, of a text ¢ one can effectively compute rf(t,).

Statement 2. L(G) € s—CCONSERVATIVE
Now, let L € L(G), t € text(L), and € IN.

M(t,) = “Compute rf(t,). If M on input rf(t,) outputs a hypothesis, say j, then output the
canonical index of j in G and request the next input.
Otherwise, output the canonical index of ¢} in G and request the next input.”

Claim 1. M is set-driven.

Let ¢, and f, be be two initial text segments of a language L € L(G) such that t = £]. We

have to show that M(t,) = M(t,). Clearly, length(rf(t;)) = length(rf(f,)), and therefore we
conclude M (rf(t,)) = M(rf(t,)), since M works rearrangement-independent. That means, either
M outputs in both cases the same hypothesis or it outputs nothing on input rf(t;) and rf(%,),
respectively. This proves the claim.

Claim 2. M works conservatively.

By construction, M outputs on any input a hypothesis. Let j = M(t,) and k = M (t,,1) with
j # k. Since M is set-driven, we obtain ¢ C t;fﬂ. We consider the following cases.

Case 1. M on input rf(t;) does not output a hypothesis.
Then L(G;) = t}, and consequently, tha & L(G;). Hence, M performs a justified mind change.
Case 2. M on input rf(t,) outputs a hypothesis.

Obviously, r f(t,) is a proper initial segment of r f (¢,11). Suppose, M on input r f(¢,+1) produces
a hypothesis, too. Since M works conservatively, we immediately obtain t,.1 € L(G’j). Hence,
it remains to consider the scenario in which M on input rf(¢,41) does not produce a hypothesis.
Looking at M’s definition, we see that M could be prevented from doing it only by detecting an
inconsistency. Consequently, M works conservatively.

Claim 3. M infers L from ¢.
Again, we distinguish two cases.
Case 1. L is finite.

Then there exists an x € IN such that ¢ = L. Moreover, if M on input rf(t,) produces a
hypothesis, then it is a correct one, since M works conservatively. Hence, in this case M infers L
from ¢. On the other hand, if M on input rf(¢,) does not output a hypothesis, then M converges
to the canonical index of the finite language ¢} in G, since M is set-driven.

Case 2. L is infinite.
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Since L is infinite, rf(t) is a text for L, too. Moreover, M has to infer L in particular from
rf(t). Therefore, there exists an 2 € IN such that M (rf(t),+,) = k with L(Gy) = L for all r € IN.
Hence, after some point M exclusively outputs the canonical index of L(Gy) in G. Consequently,
it infers L.

Therefore, Statement 2 is proved. Since £ C L(G), it follows £ C CC’ONSERVATéVE(M).

q.e.d.

Corollary 6. Let £ € CCONSERVATIVE. Then, there is a hypothesis space § = (G) jen

comprising £ such that L(G) € s— ECONSERVATIVE.

_ Proof. Let £ € CCONSERVATIVE. Furthermore, due to the latter theorem, there is an IIM
M and a hypothesis space G such that £ C s— CCONSERVATIVE(M) w.r.t. G. Let M and G be
defined as in Lemma, 2.

Recall that G is a canonical enumeration of grammars defining all languages in £ and of all finite
languages over the underlying alphabet. Without loss of generality we may assume that G fulfills

the following property. If j is even, then L(G;) € s— CCONSERVATIVE(M). Otherwise, L(G;)
is a finite language.

We start with the definition of the desired hypothesis space § = (Gj)jew. If j is even, then we
set G; = G;. Otherwise, we distinguish the following cases. If M when fed the lexicographically

ordered enumeration of all strings in L(Gj) outputs the hypothesis j, then we set G; = G;. In case
it does not, we set G; = Gj_1.

Now we are ready to define the desired IIM M witnessing L(G) € s— ECONSERVATIVE. Let
L e L(G), t € text(L), and x € IN.

M (t,) = “Simulate M on input t,. If M does not output any hypothesis, then output nothing and
request the next input.
Otherwise, let M(t,) = j. Output j and request the next input.”

Since M is a conservatively working and set-driven IIM, M behaves thus. It remains to
show that M learns L. Obviously, if L = L(Gy) for some k € IN, then M infers L, since
L € s—CCONSERVATIVE(M). Therefore, since M simulates M, we are done.

Now, let us suppose, L # L(Gy) for some k € IN. By definition of G, we know that L is finite.
Moreover, since ¢ is a text for L, there exists an x such that t;“ = L for all y > x. Recalling
the definition of G, and by assumption, we obtain the following. There is a number j such that
M(t,) = j, L = t+ = L(G;) = L(G;). Hence, M(t;) = j, too. Finally, since M is set-driven, we

directly get M(t,) = j for all y > j. Consequently, M learns L. q
q.e.d.

The next theorem gives some more evidence that set-drivenness is not that restrictive as it might
seem.

Theorem 7.

(1) s—SMON \ EWMON # 0,
(2) s—CSMON\ WMON # 0,
(3) s— EWMON \ MON # .
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Proof. First of all, we show assertion (1). Let us consider the following indexed family L, =
(L j))jken- For all k € IN, we set Ly, = {afb"|n € INT}. For all k € IN and all j € INT, we
distinguish the following cases:

Case 1. = ®y(k) < j.
We set: L(k,j} = L(lc,O)-

Case 2. ®p(k) <j.
Then, we set: Ly, ;) = {a*b™ |1 <m < Oh(k)}.

In Lange and Zeugmann (1993b) it was already shown that the family L, is witnessing SMON '\
EWMON # (). Hence, it remains to show the following claim.

Claim A. Ls, € SMON.

We have to show that there are a space of hypotheses G = (G;)jew with range(Lsn) = L(G)
and a set-driven IIM M such that M does strong-monotonically infer £ w.r.t. G.

First of all, we define the space of hypotheses G. For all k£ € IN, we set L(Ga) = jQNLUm'} and
L(Gag—1) = L0

Since Ly, is an indexed family, it is easy to verify that membership is uniformly decidable for
G. Moreover, we have range(Lsp,) = L(G).

Let L € L, let t be any text for L, and let « € IN. The desired IIM M is defined as follows.

M (t,) = “Determine the unique k such that to = a*b™ for some m € IN. Test whether or not
tT € L(Gap). In case it is, output 2k. Otherwise, output 2k — 1.”

Obviously, M changes its mind at most once. Since L(Gar) € L(Gak—1), this mind change

satisfies the monotonicity requirement. Furthermore, M converges to a correct hypothesis for L.
Accordingly to the definition, it is easy to see that M is indeed a set-driven IIM. This proves Claim
A, and therefore (1) follows.

In order to prove assertion (2), we use the following indexed family Lo = (L j))j ke For all
k€ IN we set L ) = {a*b"|n € INT}. For all k € IN and all j € INT we distinguish the following
cases:

Case 1. —®y(k) > j
We set: L(k,y} = L(k,O)

Case 2. ®p(k) <j
Let d = j — @y (k). Then, we set:
L. jy = {a"b™ |1 <m < &y (k)} U {aFp2eBF2dEm) |y € INFY

By reducing the halting problem to Lg, € WMON, one may prove that Lg,, € WMON.
An IIM M witnessing L, € s—CSMON can be easily designed, if one choose the following

L(lc,j) and

space of hypotheses G = (G j))jrew. For all k, j € IN, we set L(G o)) = jQN

L(Gkj+1)) = Lk jy- We omit further details.
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The remaining part can be easily shown. One has simply to choose the same indexed family as

used in Lange and Zeugmann (1993a) in order to separate W MON and MON. q
q.e.d.

4. Learning with Rearrangement-Independent I11Ms.

In this section we study the impact of rearrangement-independence on the learning power of
IIMs. We start with learning in the limit. Angluin (1980b) characterized the learnability of those
indexed families £ that are inferable w.r.t. the hypothesis space £ in terms of finite, and recursively
enumerable tell-tales. Actually, she proved the slightly stronger result that r—FELIM = ELIM.
Recently, we showed ELIM = LIM = CLIM (cf. Lange and Zeugmann (1993d)), and hence we
know that rearrangement-independence does not restrict the inference power of IIMs that learn in
the limit. However, this general result is also a direct consequence of theorems obtained by Schéafer
(1984), and later, but independently by Fulk (1990) who proved that any IIM M learning in the
limit may be replaced by a rearrangement-independent IIM that infers as least as much than M
does. Moreover, Schafer’s (1984) and Fulk’s (1990) is much stronger than Angluin’s (1980b), since
it is not restricted to the learnability of indexed families. By the next theorem we summarize the
known results.

Theorem 8. (Angluin (1980b), Schifer (1984), Fulk (1990))
r—ELIM = ELIM = LIM =CLIM

However, neither Schéfer’s (1984) nor Fulk’s (1990) transformation does preserve any of the
monotonicity requirements defined above. And indeed, the situation is more subtle than we ex-
pected. Furthermore, since the power of all types of monotonic language learning heavily depends
on the choice of the hypothesis space, we have to consider separately all the resulting cases. We
start with strong-monotonic inference.

Theorem 9.
(1) r—ESMON = ESMON.,
(2) r—SMON = SMON.

Proof. First, we prove assertion (2).

Let £L € SMON. Applying the characterization theorem for SMON (cf. Lange and Zeugmann
(1992)), we know that there exists a class preserving space of hypothesis G = (G) e as well as a
recursively generable family (7});en of finite non-empty sets such that

(i) for all j € N, T; C L(G}),
(ii) for all j,k € IN, if T; C L(Gy), then L(Gj) C L(Gy).

On the basis of this family (7}) ;e we define a IIM M witnessing £ € r—SMON. Solet L € L,
t € text(L), and x € IN.

M(t,) = “Search for the least j < z for which T}, C ¢ C L(Gy). If it is found, output j and

request the next input.
Otherwise, output nothing and request the next input.”
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Obviously, M is a rearrangement-independent IIM. It remains to show that £ € SMON (M)
w.r.t. the hypothesis space G.

Claim 1. M infers L on text t.

Let j = pz[L(G.) = L]. Hence, there is a least  such that T} C ¢;7. Therefore, M will output
ones a hypothesis. For all k& < j with T, C L we may conclude that L(Gy) C L. Otherwise, we
obtain L(G;) = L(Gy) = L, because of T, C L(G},) and T; C L(G;) (cf. (ii)). Hence, there exists
a y such that t  L(Gy) for all k < j with Ty, C L. Therefore, M(t,,) = j for all » € IN. This
proves the claim.

Claim 2. M works strong-monotonically.

Let M(t,;) = j and M (t,,) = k for some x € IN and » € INT. Due to the definition of M, we
have Tj C t} C L(Gy). Therefore, L(G;) C L(Gy) (cf. (ii)). This proves the claim.

To sum up, M is witnessing £ € r—SMON. Thus assertion (2) is shown.

Next, we prove assertion (1). Let £ € ESMON. Because of ESMON C SMON as well as

of assertion (2), there exists a rearrangement-independent 1IM M as well as a class preserving
hypothesis space G such that £ Cr—SMON (M) w.r.t. the hypothesis space G.

Applying Theorem 4 of Lange and Zeugmann (1993b), we know that there exists some total
recursive function f : IN x IN — IN satisfying

(i) for all j € IN, limu— oo f(j, ) = k exists and satisfies L(Gj) = Ly,

(11) for all j,x € IN, Lf(],$) - Lf(j,m+1)'

That means, f is a limiting recursive strong-monotonic compiler from G into L.

Given the IIM M, the hypothesis space G as well as the limiting recursive strong-monotonic
compiler f, we define an IIM M witnessing £L € r—ESMON. So, let L € L, t € text(L), and
z € IN.

M(t,) = “Simulate M on input t,. If M when fed successively ¢, does not output any guess, then
output nothing and request the next input.
Otherwise, let j = M(t,). If t C L(Gj), then execute (Al). Otherwise, output nothing and
request the next input.

(A1) Find the least y € IN for which ¢} C L) Output f(j,y) and request the next input.”

Since the membership problem for G is uniformly decidable, the test “¢} C L(G;)” can be effec-
tively performed. Additionally, since £ is an indexed family, the test within instruction (A1) can be
effectively accomplished, too. Furthermore, by property (i) of f and since ¢}’ C L(G,), instruction
(A1) has to terminate for every j € IN. Hence, M is indeed an IIM. Due to its definition, M is
rearrangement-independent IIM, since the IIM M simulated by M is rearrangement-independent
by assumption.

It remains to show that M strong-monotonically infers L from text ¢t. Since M infers L from
text ¢ and by property (i) of f, M converges to a correct hypothesis for L. Finally, we show
that M fulfills the strong-monotonicity constraint. Let f(j,y) and f(k, z) denote two successively
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hypotheses generated by M. Hence, M(t,) = f(j,y) and M(ty+r) = f(k,z) for some x € IN,
r € INT. We distinguish the following cases.

Case 1. j =k

Due to the definition of M, we may conclude y < z. Hence, property (ii) guarantees Ly;,) C
LG

Case 2. j #k

Since f satisfies (i) and (ii), we obtain Lg(;,y € L(G;). Furthermore, M’s definition implies
t;';_H C Lyk,)- Hence, the given IIM M has generated the hypothesis j on an initial segment of a
text for Ly .y € L. Since M works strong-monotonically on every text for every language L € L,
we may conclude that L(Gj) C Ly .. Together with Ly ;) C L(Gj), we get Ly € Ly z)-

Thus, M is rearrangement-independent and it works strong-monotonically. This proves the

theorem.
q.e.d.

It remains open whether or not the above theorem extends to the class comprising case. Next
we consider monotonic language learning. Now, the situation is completely different, since we have
the following theorem.

Theorem 10.

(1) s—EMON C r—EMON C EMON,

(2) s—MON Cr—MON C MON.
Proof. First of all, we show r— EMON \ s—MON # (). By definition, this yields immediately
s—EMON Cr—EMON as well as s—MON Cr—MON.
Lemma 1. r—EMON \ s—MON #

By Theorem 3 we already know that r— ESMON \ s—LIM # (). It is easy to verify that
r—ESMON C r—EMON. By definition, s— MON C s— LIM. Hence, we may conclude
r—EMON \ s—MON # (. This proves the lemma.

It remains to show EMON\r—MON # (). This statement directly implies —EMON C EMON
and r—MON C MON, and hence, the is theorem is proved.

Lemma 2. EMON \ r—MON # )
First of all, we define a corresponding family £ = (Ly)rew. For all & € IN and all z € {0,...,3}

we define:

{a*b} U Ay, if z=0,

I _ {a*c} U By, itz=1,
27 {akb,ake} U Ay, if z =2,
{a*b,a*c} U By, it z=3.

The remaining languages Ay and By will be defined via their characteristic functions fa, and
IB,, respectively. For all k € IN and all strings s € {a,b,c}T we set:

[ 1, Lif s =0bka™ and By(k) = m,
fai(s) = { 0, otherwise.
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)1, if s = c*a™ and @ (k) = m,
fBi(s) = { 0, otherwise.

After a bit of reflection, it is easy to see that £ is indeed an indexed family.
Claim 1. L € EMON

We define an IIM which monotonically infers every L € £ from any text ¢ for L w.r.t. the
hypothesis space £ itself. So let us assume any L € £, any text ¢ for L and any = € IN.

M(t;) = “If 2 =0 or M has not produced any hypothesis when successively fed ¢, 1, then execute
(A1). Otherwise, goto (A2).

(A1) If a*b € tF for some k € IN, then output 4k and request the next input.
If abc € t+ for some &k € IN, then output 4k + 1 and request the next input.
Otherwise, output nothing and request the next input.

(A2) Let M(ty—1) =j. If t7 C L;, then repeat the hypothesis j and request the next input.
Otherwise, goto (A3).

(A3) If j =4k or j = 4k + 1, respectively, for some k € IN, then output the hypothesis j + 2
and request the next input.
Otherwise, goto (A4).

(A4) If j = 4k + 2 for some k € IN, output 4k + 3 and request the next input.
Otherwise, output 4k + 2 and request the next input.”

It remains to show £ C EMON(M). Obviously, for every k& € IN, M identifies Ly as well
as Lgr11 on every text for the corresponding language. Thereby, M does not perform any mind
change at all. Hence, M works monotonically on every ¢ € text(Lyy)U text(Lygy1), kK € IN. Let us
assume any k£ € IN such that ¢ is either a text for Lggyo or for Ly;ys. In order to show that M
satisfies the monotonicity constraint we distinguish the following cases.

Case 1. pp(k) T

Consequently, we obtain Lgxi1o = Ly4r1s3. Since t is a text for the finite language Lypy2, there
is an € IN such that ¢ = Lgyio. Hence, M(ty4,) = j with Lj = Lygyo, for all r € INT.
Furthermore, M has generated at most one different hypothesis before this point. Therefore, M
works monotonically. Note that M may converge to different hypotheses on different texts for the
same finite language. Consequently, M is not rearrangement-independent.

Case 2. pp(k) |

Since Lygr1o as well as Ly, 3 define finite languages, it is easy to see that M converges to a
correct hypothesis. We distinguish the following subcases.

Subcase 2.1. t is a text for Lypyo

If M first generates the hypothesis 4k, then it needs only one mind change to infer Lggio.
Consequently, M works monotonically. Otherwise, 4k 41 is M’s first hypothesis. Now, it is easy to
verify that M produce the sequence of hypotheses 4k + 1, 4k 4+ 3 and 4k + 2. Due to the definition
of the family £, Ly 41 N Lagt2 C Lag4s divectly implies Lagy1 N Lagr2 © Lag+3 N Lagr2 C Lagro.
Hence, M works monotonically.

Subcase 2.2. t is a text for Lypys
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Then, a quite similar argumentation yields that M works monotonically. If M outputs the
hypothesis 4k+1 as its first guess, then again, one mind change suffices to identify L4;43. Otherwise,
M produces the sequences of hypotheses 4k, 4k + 2 and 4k 4+ 3. Due to the definition of the family
L, Laj N Lyg43 C Lagy2. As before, this directly implies that M works monotonically.

Therefore, we obtain £ C EMON (M), and the claim is proved.
Claim 2. LEr—MON

Suppose the converse, i.e., there is a class preserving hypothesis space G = (G) e~ and an IIM
M such that L Cr—MON (M) w.r.t. G.

Claim 3. Given G and any program for M witnessing £ € r—M ON , one can effectively construct
an algorithm deciding whether or not ¢ (k) {.

Next to, we define the desired algorithm.

Algorithm A: “Oninput k execute (A1) until (al) or (a2) are fulfilled, respectively. Afterwards,
execute (A2).

(A1) For all x =0,1,..., execute in parallel (al) and («2) until one of them is successful.

(al) Test whether @ (k) < x.

(a2) Simulate M when fed the initial segments ¢, and ¢, of the uniquely defined texts
for L = {a*b} and L = {a¥c}, respectively. If M outputs on both initial segments
a hypothesis, say m and 7, respectively, then test whether a*b € L(G,,) and a*c €
L(Gy,).

(A2) If («l) happens first, then output “py(k) converges” and stop.
Otherwise, in parallel execute (1) or (82) for y = 1,2,. .., until one of them is successful.
(81) Test whether ®y(k) <z +y.
(B2) Test whether M when fed t,, = akb, .. ,akb, akc, . ,akcl generates a consistent

(z+1)—times y—times

hypothesis n, i.e., M(ty4y) = n and t;;_y C L(Gy).

If (1) happens first, then output “p (k) converges” and stop.
Otherwise, output “pr (k) diverges” and stop.”

Due to the definition of a complexity measure, (al) and (1) can be accomplished effectively.
Furthermore, since M is an IIM as well as membership is uniformly decidable for L(G), («2) and
(2) can be accomplished effectively, too. Hence, A is indeed an algorithm.

First, we show that A terminates for all £ € IN. Let us assume that the execution of (Al)
does not terminate for some k € IN. Obviously, then ¢ (k) diverges. Consequently, Ly, = L
and Ly = L. Now, since (o2) will never terminate successfully, M fails to infer at least one
the languages {a*b}, {a*c} from its uniquely defined text, a contradiction. Applying the same
arguments one can show that the execution of (A2) has to terminate, too. Hence, A terminates on
every input k£ € IN.

It remains to show that algorithm A works correctly. Obviously, if A stops its computation with
“or, (k) converges”, then ¢y (k) is indeed defined. Suppose that A has finished its computation with
“or (k) diverges”. Furthermore, assume that (k) is defined. Due to our definition, there exists an
x € IN such that M(t,) = m and M(t,) = with tf C L(G,,) as well as {7 C L(G,). After a bit
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of reflection, one can easily verify that L(G,,) = Ly and L(Gy) = Lyry1. This is caused by the
assumption that M works monotonically w.r.t. a class preserving hypothesis space. Additionally,

there exists a y € INT such that M(ty4,) = n with t;f_lry C L(G,). Since M is rearrangement-

independent, we may conclude that M(fmw) = m, where fm+y = d¥c,...,d"ca", ... a*b, since
(x—l—l)‘—’times y—l;irmes
tivy = tii,. Because {a*b,aFc} C L(G,) as well as L(G,) € L, it suffices to distinguish the

following two cases.
Case 1. L(Gy) = Lyg2

Since A terminates with “p (k) diverges”, we obtain ® (k) > x +y. Therefore, t,., is an initial
segment of a text for Lyr4+3. On this text, M has already generated the hypotheses 1 and n in some
subsequent steps. Since ¢y (k) is defined, by assumption we obtain Lgg1 N L3 € Lagro N Lyg 3.
Therefore, L(Gy,) = Lagy1 and L(Gy) = Lag42 directly imply that M violates the monotonicity
requirement, a contradiction.

Case 2. L(G) = Lyy3

Using similar arguments, it is easy to see that M violates the monotonicity requirement when
inferring L4y from any of its texts having the initial segment ¢, .

This proves the correctness of algorithm A. Thus, Claim 3 is shown.

On the other hand, the halting problem is undecidable. Therefore, Claim 2 follows, and the

theorem is proved.
q.e.d.

Finally, we consider rearrangement-independence in the context of exact and class preserving
conservative learning. Since conservative learning is exactly as powerful as weak-monotonic one,
by the latter Theorem one might expect that rearrangement-independence is a severe restriction
under the weak-monotonic constraint, too. On the other hand, looking at theorem 5 we see that
conservative learning has its peculiarities. And indeed, exact and class preserving learning can
always be performed by rearrangement-independent IIMs. In order to prove this, we first charac-
terize EFCONSERVATIVE in terms of finite tell-tales. We present this theorem separately, since it
is interesting in its own right.

Theorem 11. Let L be an indexed family. Then, L € ECONSERVATIVE if and only if there
exists a recursively generable family (ij)j,yelN of finite sets such that

(1) for all L € L there exists a j with Lj = L and ij # () for almost all y € IN,
(2) for all j,y € IN, T]‘y # 0 implies ij C Lj and ij = T]?-JH,

(3) forall j, y, z € IN, ) # T]y C L, implies L, ¢ Lj.

Proof. Necessity. Let L € ECONSERVATIVE. Then there is an IIM M such that £ C
ECONSERVATIVE(M) w.r.t. L. The desired tell-tale family (ij)j,yelN is defined as follows. Let
J,y € IN; then we set

y { range t, if z=min{z|x <y, M) =j},
T =
J

0, otherwise,
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where #/ denotes the canonical text of L;. Obviously, the sets T]y are uniformly recursively
generable and finite. It remains to show that the properties (1) through (3) are fulfilled.

By construction, (2) is trivially satisfied. In order to prove (1), let L € £ and let t* be the
canonical text of L. Since M has to infer L from its canonical text, too, there exists a j such
that j = M(tL) for almost all 2 € IN and L = L;j. Let y = pz[M(tL) = j]. Then ij # () and
T]y = T;-H'T for all » € IN. This proves property (1). Finally, we have to show (3). Suppose, there
are j,y,z € IN such that () # T]y C L, and L, C Lj;. By the definition of the tell-tale sets, there
exists an x < y such that M on input wy, ..., w, outputs j, where wy, ..., w, are the strings of T]y
written in canonical order w.r.t. L;. Furthermore, ij C L, and therefore, wy, ..., w, is an initial
segment of a text for L,. Since M has to infer L, from every text, it has to perform at least one
mind change on every text t € text(L,) beginning with wy, ..., w, that cannot be caused by an
inconsistency. This contradiction proves (3).

Sufficiency. The desired IIM is defined as follows. Let L € L, t € text(L), and z € IN.

M(ty) = “lf x =0or x >0 and M on input t,_; does not produce any hypothesis, then goto (B).
Otherwise, goto (A).

(A) Let j be M’s last hypothesis on input ¢;_;. Test whether or not ¢;7 C L;. In case it is,
output j and request the next input.
Otherwise, goto (B).

(B) Generate T;’ for all j,y = 1,...,2 and test whether or not T;’ # (). For all non-empty T]%/
check whether or not T/ C " C L;. In case there is one j fulfilling the test, output the
minimal one, and request the next input.

Otherwise, output nothing and request the next input.”

Using the same arguments as in the proof of Theorem 1 in Lange and Zeugmann (1992), it is

easy to see that £ C ECONSERVATIVE(M). We omit the details. q
q.e.d.

Now we are ready to prove the announced theorem stating that rearrangement-independence
does not restrict exact and class preserving conservative learning.

Theorem 12.

(1) r—ECONSERVATIVE = ECONSERVATIVE,
(2) r—CONSERVATIVE = CONSERVATIVE.

Proof. First we prove assertion (1). Let £ € ECONSERVATIVE. By Theorem 11 there exists
a recursively generable family (TJy) jyen fulfilling properties (1) through (3). Using this family, we

define a new recursively generable family (T]y) jyel that satisfies (1), (2), and (3), too. However,
the new family allows the design of a rearrangement-independent IIM, while the IIM described in
the proof of Theorem 11 is not rearrangement-independent.

We set T;’ =0, if j > y. Now, let j < y; we define
ry—1 ; ry—1
7, if Iy " # 0,
Yo : ry—1 _ Y _
=14, it TV =0, 7V =0,

Uk<y 1 Tf NLj, otherwise.
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Since (ij) jyelv is a recursively generable family and because of the uniform decidability of the

membership problem for £, the family (ij) jwelN is recursively generable, too. It is easy to see that

(T Jy) jyen fulfills properties (1) through (3) of Theorem 11. We proceed with a technical claim that
will be very useful in proving the rearrangement-independence of the IIM defined below.

Claim 1. Let j,k,m,n € IN such that m = uy[’f;’ # 0l und n = ,uy[T,f # ()]. Then, T,?DLJ- - ’f‘]m
provided n < m.

In accordance with the definition of the family (ij) jyeN we know that m > j as well as n > k.
Furthermore, T]m = Uzgmq ;"N Lj and T,? = Uzgn,I 17 N Ly. Hence, we obtain:
This proves the claim.

Now we define the desired rearrangement-independent IIM as follows. Let L € L, t € text(L),
and z € N.

M (t;) = “Test for all k& < x whether or not T,f # (. For all non-empty T,f check whether or not
TF Ctf C Ly.
In case there is no k fulfilling the test, output nothing and request the next input.

Otherwise, compute y, = ,uy[T,f # (] for all k fulfilling the test. Output the minimal k for
which y; is minimal, and request the next input.”

It remains to show that £ C r— ECONSERVATIVE(M). Obviously, M is rearrangement-
independent.

Claim 2. M works conservatively.

Let j and k, j # k, be two hypotheses produced by M on input ¢, and t,,, respectively. We
have to show that ¢, . Z L;. In accordance with M’s definition we directly obtain T8 #0# .
We consider the following cases.

Case 1. T,f = 0.

Then we have t,,, Z Lj. This can be seen as follows. M on input t,,, has to compute y;
and yy. Since Ty = 0, we know that y; < y;. Consequently, if ¢, C L;, then M outputs j, a
contradiction.

Case 2. T,g’ # (.

Let m = uy[f}‘y # 0] and n = py[TY # 0]. We distinguish the following subcases.
Subcase 2.1. m <n

Applying the same arguments as in Case 1 directly yields ¢, o Z L.

Subcase 2.2.: m =n

Suppose j < k. Again, by the same arguments as in Case 1 one directly obtains ¢, L Z Lj. We
proceed with & < j. By Claim 1 we get ’f’,? NL; C ij. Suppose, ¢, C L;. Since k = M (t,4,), we
immediately obtain that ’f’,? - t;; 1 C© Lg. Consequently, T,? NL;= ’f’,?, and hence ’f’,? - ’f’]m Ctt,
since j = M (t,). But this implies M (t,) = k, since j > k, a contradiction.

Subcase 2.3.: m >n
Again, by Claim 1 we know that T,? NL; C ij Moreover, by assumption j = M(t,), and
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therefore () # ’f’]m C t}. Because of m > n, we furthermore conclude that ’f’,? ¢ t}, since otherwise
M(t;) = k. On the other hand, T}* C tt.,, since e tf,, directly implies k # M (t,+,). Finally,
if t;ﬁrr C Lj, then T,? NL;= T,? C T]m But this would imply T,? C t, again a contradiction.
Hence, M works conservatively, and the claim is proved.
Claim 3. M infers L.

Let L € £ and let t € text(L). Moreover, let K = {k | Ly = L, T} # 0 for almost all y € IN}.
By property (1) of the family (T]y)mem we know that K # (). Let kK € K be such that there is
no k with & < k and ,uy[T]:z/ # 0] < ,uy[T,f # ()]. We show that M converges to k. By Claim 1,
we conclude that 7' ¥ # 0 and TY # 0 implies T v C TY for all k € K with k # k. Therefore, if M
outputs at least once a correct hypothesis for L, then this hypothesis is k. Let y; = uy[’f‘,i’ # 0].
Since t is a text for L, there exists a & > y; such that ’f’,i’k C t} C Ly = L. Hence, on every input

ty4+r the IIM M has to output a hypothesis. We consider the set C of possible hypotheses that
might be output by M. Let y; = uy[TJy # (], then C' may written as follows.

C={jljeN, yj<uyp T} CtT}.

Due to the definition of the family (ij) jyen the condition T;j # () implies y < j. Therefore, j > y;
directly yields y; > y;. Hence, we may rewrite C' as C = {j | j < wr, vj < Uk, T;/j C tt}
Consequently, C' is finite. Finally, applying property (3) of Theorem 11 we may conclude Ly ¢ L;
for all j € C' with j # k. Hence, for all j € C' with j # k there exists an x; such that t,; Z L;.
Since C'is finite, it successively shrinks to {k}, and hence M converges to k.

This proves assertion (1) of the theorem. Assertion (2) can be proved analogously as Lemma 1

in the proof of Theorem 5.
q.e.d.

5. Summary

We start with the following figure that summarizes the results obtained and points to questions
that remain open. We shall discuss them and some less obvious ones in this section.

exact class preserving class comprising
learning learning learning
set set set
FIN . . .
drivenness drivenness drivenness
rearrangement rearrangement
SMON |’ g . g ?
independence independence
rearrangement rearrangement
MON | g - g = ?
independence independence
rearrangement rearrangement set
WMON | . . i
independence independence drivenness
LIM rearrangement rearrangement rearrangement
independence independence independence
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For every mode of learning I D mentioned “rearrangement-independence +” indicates r—I1D =
ID as well as s—ID C ID. “Rearrangement-independence =" implies s—I D C r—ID C ID whereas
“set-drivenness +” should be interpreted as s—ID = I D and, therefore, r—ID = I D, too.

Besides the two open problems we have pointed to in the figure above, there are two more
intriguing questions deserving attention. First, it would be highly desirable to elaborate character-
istic conditions under what circumstances set-drivenness does not restrict the learning power. We
expect that such charcterizations might allow much more insight into the problem how to handle
simultaneously both, finite and infinite languages in the learning process. Next, as we have seen,
an algorithmically solvable learning problem might become infeasible, if one tries to solve it with
set-driven IIMs. On the other hand, when dealing with particular learning problems it might often
be possible to design a set-driven learning algorithm solving it. But what about the complexity of
learning in such circumstances? More precisely, we are interested in knowing whether the “high-
level” theorem separating set-driven learning from unrestricted one, has an analogue in terms of
complexity theory. For example, it is well conceivable that an indexed family £ may be learned in
polynomial time but no set-driven algorithm can efficiently infer £ provided P # N'P.
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